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Abstract
A development of high resolution NFT model for simulation of incompress-
ible flows is presented. The model uses finite volume spatial discretisation
with edge based data structure and operates on unstructured meshes with
arbitrary shaped cells. The key features of the model include non-oscillatory
advection scheme Multidimensional Positive Definite Advection Transport
Algorithm (MPDATA) and non-symmetric Krylov-subspace elliptic solver.
The NFT MPDATA model integrates the Reynolds Average Navier Stokes
(RANS) equations. The implementation of the Spalart-Allmaras one equa-
tions turbulence model extends the development further to turbulent flows.
An efficient non-staggered mesh arrangement for pressure and velocity is
employed and provides smooth solutions without a need of artificial dissipa-
tion. In contrast to commonly used schemes, a collocated arrangement for
flow variables is possible as the stabilisation of the NFT MPDATA scheme
arises naturally from the design of MPDATA. Other benefits of MPDATA
include: second order accuracy, strict sign-preserving and full multidimen-
sionality.
The flexibility and robustness of the new approach is studied and validated
for laminar and turbulent flows. Theoretical developments are supported by
numerical testing. Successful quantitative and qualitative comparisons with
the numerical and experimental results available from literature confirm the
validity and accuracy of the NFT MPDATA scheme and open the avenue for
its exploitation for engineering problems with complex geometries requiring
flexible representation using unstructured meshes.
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Chapter 1
Introduction
Incompressible viscous flows occur in numerous disciplines in science and engineer-
ing. Many CFD (Computational Fluid Dynamics) techniques have been developed for
solving Navier-Stokes equations for incompressible flows. Engineering flows often in-
volve complex geometries. Unstructured meshes (based on triangles in two-dimensions
and tetrahedra in three-dimensions) are particularly convenient for modelling complex
shapes. Over the last two decades, much progress has been made in development of
mesh generation and mesh adaptivity techniques targeting applications of incompress-
ible flow solvers in engineering applications. This work contributes to these efforts,
by the generalisation of the unstructured mesh based high resolution non-oscillatory
forward in time (NFT) methodologies to the Reynolds Average Navier Stokes (RANS)
class of solvers with a one equation turbulence model of Spalart Allmaras.
Traditionally, finite difference and volume flow solvers operate on staggered meshes
in order to overcome difficulties arising from the odd-even decoupling evoked by cen-
tral differencing, which if untreated would lead to non-physical oscillatory solutions. In
computations of incompressible flows staggered meshes are also commonly employed
to avoid difficulties introduced by the so-called saddle point form of Navier-Stokes
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equations. Namely, the continuity equation in the incompressible Navier-Stokes equa-
tions contains only the velocity components while the compressible flows link with the
pressure via density for incompressible flows is absent;
 ( ∂∂t − ν∇2) ∇
∇ 0

 u
p
 =
 −(u.∇)u
0
 (1.1)
where u is the velocity, p is the pressure , ν is the kinematic viscosity, ∇ is the
divergence operator, x, y, z are coordinate axis and t is time.
In the context of the finite element discretisation mixed elements chosen to fulfil
Babuska-Brezzi (BB) condition [3][14] are used as a tool corresponding to staggered
meshes. The BB condition is sufficient to ensure that chosen mixed elements allow
to overcome numerical oscillations, in problems governed by equations which can be
interpreted as a saddle point problem. Although beneficial in eliminating numerical
oscillations, staggered meshes schemes for incompressible Navier-Stokes equations place
pressure and velocities in different data points which increases complexity and expense
of numerical operations and memory requirements. Therefore, schemes using collocated
data arrangements for pressure and velocities yet free of numerical oscillations are
desirable.
Collocated mesh methods for incompressible flows most commonly include a sta-
bilisation of solutions by adding various forms of artificial dissipation e.g. [137] or
pseudo-compressibility approaches if steady state problems are of interest. The pseudo-
compressibility method was first proposed by Chorin [22]. It uses the pseudo-compressibility
term under the form of time derivative of the pressure added to the continuity equa-
tion. When the steady state is reached, the term vanishes. The method, also known
as density-based method changes the mathematical character of incompressible Navier
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Stokes equations and results in hyperbolic-parabolic type of time-dependent system of
equations. For obtaining steady state solutions, the governing equations are iterated
in pseudo-time until the solution converges to steady state at which time the origi-
nal incompressible Navier-Stokes equations are satisfied. The pseudo-compressibility
methods have been substantially extended e.g. [65], [19] to allow for larger time-steps
during numerical integration, the implicit schemes developed for compressible flows
can be implemented [19].
A construction of both artificial dissipation and pseudo-compressibility treatments
for solution stabilisation on collocated meshes effectively eliminates zero on a diagonal
in a discrete form of (1.1). Interestingly, it has also been shown that some forms of
operators splitting provide an indirect elimination of the zero on the diagonal , therefore
some fractional methods are able to provide oscillation free solutions on collocated
meshes [154].
Fractional step methods constitute another class of approaches for solving the
Navier-Stokes equations. They start with the time discretisation, where the convective
terms are treated explicitly. The pressure is calculated implicitly. Classical fractional
step methods are based on obtaining the pressure Poisson equation by taking the di-
vergence of the momentum equations and expressing the condition of divergence free
velocity field. Depending on the application, the viscosity terms are calculated either
explicitly or implicitly.
Alternatively, instead of using pressure and velocity, derived quantities such as
stream function-vorticity and vorticity-velocity can be used. This results in different
sets of governing equations and is mostly limited to two-dimensional cases, because of
the complexity involved in formulation of three dimensional stream function-vorticity
governing equations. Also the three dimensional stream function - vorticity governing
equations results in three Poisson-type vorticity equations which makes the formulation
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expensive to solve. Consequently, such an approach eliminates the need for pressure
boundary condition, but at the expense of adding the vorticity boundary condition.
The collocated arrangement for pressure and velocities variables is employed in
the methodology developed in this work. It utilises inherent properties of MPDATA
(Multidimensional Positive definite Advection Transport Algorithm) which avoids both
problems associated with odd-even decoupling and with the saddle point form of the
incompressible Navier-Stokes equations
A selection of examples of popular incompressible flow solution methodologies is
discussed next.
One of the fundamental methods, based on the derived Poisson equation for pressure
was initially developed by Harlow and Welch [44],and is known as a marker and cell
method (MAC). The original MAC method is based on the staggered arrangement
on 2-D Cartesian grid, using explicit Euler solver. The staggered grid avoids odd-
even decoupling of the pressure encountered in a regular grid [41]. The MAC method
is special case of fractional step method, also called as projection method developed
independently by Chorin [21].
One of the major drawbacks of the MAC method is the amount of computing time
required for solving the Poisson equation for pressure. For the steady-state solution, the
correct pressure field is required only when the solution is converged, so the iteration
procedure for the pressure can be simplified such that it requires only a few iterations at
each time. Using this approach a Semi-Implicit Method for Pressure-Linked Equations
(SIMPLE) was formulated [17] [89].
Rhie and Chow [97] proposed a method based on Physical Interpolation Approach
(PIA), where the cell face velocities are obtained by solving the momentum equations at
each of the cell faces. For calculating the cell face velocities, matrix inversion is required
because of the implicit nature of scheme. This method ensures the pressure-velocity
4
coupling between the adjoining cells and prevents the odd-even pressure oscillation.
Later Choi et al. [20] proposed a refined interpolation scheme of Rhie and Chow [97]
to employ curvilinear co-variant velocity components at cell face velocities. Several test
cases was performed to verify the performance of the solver with co-variant velocity
components. Choi et al. [20] also presented the comparative study of two finite volume
calculation methods for incompressible flows on non-orthogonal grids with staggered
grid arrangement and non-staggered grid arrangement of Rhie and Chow [97].
Sang and Li [107] presented a multi-layer hybrid grid method, combining Cartesian
grids and triangular meshes. The work is based on cell-centered finite volume. Jameson
scheme using multi-stage Runge-Kutta integration and central differencing with added
second and fourth-order artificial viscosity method is used. Solutions for both inviscid
and viscous flows were presented.
Mathur and Murthy [72] presented a multigrid finite volume pressure-based method
on unstructured mesh for multidimensional incompressible flows. The scheme uses,
SIMPLE algorithm for the pressure-velocity coupling. The scheme was verified on
variety of quadrilateral/hexahedral, triangular/tetrahedral and hybrid meshes. Also
Mathur and Murthy [73] developed a scheme incorporating pressure boundary condi-
tions in the context of collocated numerical scheme for incompressible flows.
In the work by Davidson [25], a pressure correction method for general unstructured
meshes is presented. Collocated finite volume, cell-centered method is used and the
SIMPLEC method is employed for pressure-velocity coupling. Central differencing
method is used for diffusive terms and central differencing along with the stabilisation
in a form of the fourth order numerical dissipation for solving the convection terms.
Point by point Gauss-Seidal relaxation method is employed for solving the discretized
equation.
Foy and Dawes [26] proposed a pressure-correction solver based on Poisson equa-
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tion. In this method the three dimensional vertex centered spatial discretization is
considered. For the space and time discretization, forward Euler integration scheme
and finite volume scheme based on central differencing is used. In order to preserve the
stability fourth order artificial dissipation terms is added to avoid the velocity-pressure
decoupling.
Dongjoo et al. [53] proposed a non-staggered, second order time accurate fractional
time stepping method for hybrid unstructured incompressible flows. In this method
artificial pressure oscillations are eliminated by storing the pressure and velocity com-
ponents at cell centers and face normal velocities at mid points of cell faces along with
the momentum interpolation method developed by Rhie and chow [97].
For three dimensional steady and time dependent incompressible flows Liu et al.
[65] developed a scheme based on multigrid and preconditioning methods. Pseudo-
compressibility approach is used for the direct coupling of pressure and velocity along
with the preconditioning method developed for unsteady moving-grid calculations for
improving the accuracy. Five-stage Runge-Kutta type scheme is used to advance the
solution in pseudo time.
A second order accurate cell-centered finite volume unstructured mesh formulation
with Roe’s flux function using the pseudo-compressibility method was developed by
Chan et al. [19]. As all pseudo-compressibility methods this approach is based on the
idea of introducing time derivative of the pressure in the continuity equation. However,
it is extended to unsteady flows, for which an implicit pseudo-time stepping technique
is used.
Based on the vertex centered method Williams [148] presented a scheme for compu-
tation of two dimensional incompressible turbulent flows. Helmholtz pressure equation
is used to satisfy the continuity equation instead of pressure Poisson equation. In order
to avoid the decoupling of velocity and pressure fourth-order pressure dissipation terms
6
similar to Rhie and Chow [97] is implemented.
The scheme based on cell centered finite volume scheme for both incompressible and
compressible flows was formulated by Lien [63]. A SIMPLE pressure-correction method
along with the pressure-weighted interpolation method similar to the Rhie and Chow
method [97] is used to avoid the checkerboard oscillations. Adaptive mesh refinement
techniques and higher-order convection scheme is used to improve the solution accuracy.
For a triangular grid, Hwang [46] proposed a staggered grid formulation for solving
incompressible flows using finite volume method. The pressure is calculated at the
centroid of triangular cell and velocity at the faces. For pressure velocity coupling
SIMPLE method is employed. When the velocity lies parallel to one of the triangular
sides, the velocity becomes practically invisible to the pressure corrections. This is one
of the difficulties faced in this method, which may produce some inaccurate results.
Kobayashi et al. [55] proposed a finite volume method to compute steady, two-
dimensional incompressible recirculating flows using hybrid unstructured meshes. Frac-
tional step projection method based on staggered grid arrangements for pressure ve-
locity coupling and a second-order least square method for solving convective terms is
employed in this method. Pressure is stored at the vertices and the velocities at the
cell centers.
Rida et al. [98] proposed a method for 2D incompressible flows. This work is an
extension of the staggered grid methodology to unstructured triangular meshes. Two
similar staggered schemes are discussed; in both cases the pressure is stored at the
centroids of computational cells. In one of the schemes velocity is stored at the vertices
resulting in vertex centered scheme and velocity at the faces of the elements leads
to side-centered scheme. SIMPLER algorithm is employed for the pressure-velocity
coupling. It concludes that the accuracies of results from both the schemes are within
an acceptable range.
7
A scheme for unstructured mesh, finite volume method for solving the two dimen-
sional viscous incompressible flow was formulated by Thomadakis et al. [140]. For
pressure-velocity coupling the SIMPLE algorithm is employed. Although the semi-
staggered formulation of pressure-velocity is utilised, PWI (Pressure Weighted Inter-
polation) method of Rhie and Choe [97] is also used to introduce additional dissipation
for adequate damping of pressure-velocity oscillations.
In the work by Wright et al. [48] a pressure based method was proposed for hy-
brid unstructured edge based incompressible flows. Two stage implicit Runge-Kutta
method was used for the time integration resulting in second order time accurate solu-
tions. In the method, the pressure-velocity coupling is executed in a manner similar to
the SIMPLER algorithm, but for the unstructured meshes using element-based finite
volume method. The fluxes are calculated using linear reconstruction and trapezoidal
rule and no pressure velocity correction methods are considered.
Kallinderis et al. [51] presented an artificial compressibility type of method using
dual time stepping scheme for three dimensional incompressible hybrid meshes. In this
approach the median dual finite volume method is used for the spatial discretization
and numerical fluxes are calculated using edge based algorithm. Different types of ele-
ments are considered such as hexahedral, prism, tetrahedral and pyramids. First order
(forward Euler) pressure-correction method is used along with artificial dissipation to
suppress the oscillatory solution. For the calculation of convective terms, two methods
were considered, central differencing with two types of artificial dissipation methods
and Roe’s upwind method scheme.
The scheme presented in this thesis uses distinctly different approach. It belongs to
a non-oscillatory forward in time (NFT) class of solvers that employs MPDATA (Mul-
tidimensional Positive Definite Advection Transport Algorithm) advection method.
The class of forward-in-time methods has been mostly used in the atmospheric
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community [60] [24], although demonstrations to other fields mainly of mainly geo-
physical flows e.g. solar convection and oceanic flows have also been highly successful.
The forward in time schemes have been improved over the years by numerous devel-
opments in the areas of multidimensionality, non-Cartesian geometries, monotonicy
and/or sign preserving, as well as overall accuracy and stability [62]. The development
of various non-oscillatory techniques made the forward-in-time schemes more attractive
for estimating the transport of sign-preserving thermodynamics fields [145][113]. The
development of NFT schemes had made significant impact in the field of CFD. This
can be attributed to their beneficial properties. For instance, NFT solutions preserve
local extrema and the sign of the transported variables, which assures approximations
consistent with analytic properties of the modelled systems.
Nonoscillatory forward-in-time labels a class of second-order-accurate two time-
level algorithms built on nonlinear advection techniques that suppress/ reduce/control
numerical oscillations characteristic of higher-order linear schemes; and it is meant to
distinguish these algorithms from classical centered-in-time-and-space linear methods
[115].
Forward in time upwind biased schemes have a long history in meterology and
have been accepted as a higher order methods useful to limit both numerical diffusion
of the low-order upstream scheme and the numerical dispersion [93]. To overcome
the problem of numerical diffusion and numerical dispersion which leads to the gen-
eration of negative values in solutions for positive definite functions, positive definite
schemes are essential in meterological models. In a search of positive definite schemes,
Smolarkiewicz [113] [114] , Smolarkeiwicz and Clark [118] developed conservative and
positive definite schemes using an iterative approach. These introduce the corrective
advective fluxes designed such that the truncation error caused by the upstream first
order methods is significantly reduced. The best known in this class of methods is
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MPDATA. MPDATA was originated during early eighties [113] [114] as a simple sign
preserving advection scheme. Since then it evolved into to a general, nonoscillatory
approach for finite-difference integration of the conservation laws of geophysical flu-
ids on micro-to-planetary scales [123]. MPDATA was proven successful in geophysical
simulations using finite difference approximation in structured grids.
More recently Bacon et al.[4] developed a multiscale environmental model for real
time hazard prediction using MPDATA for unstructured grids. However, this imple-
mentation being a direct translation of the Cartesian grid, MPDATA offered a complete
compensation of the leading truncation error. In [122] [123] Smolarkiewicz and Szmelter
derived a full form of unstructured meshes MPDATA developed the finite volume edge
based MPDATA scheme for unstructured grids. The extension of the MPDATA for-
mulation to the finite volume edge-based unstructured meshes led to the development
of the edge based NFT framework for flow solver development on arbitrary hybrid
meshes [122]. The key elements of the NFT MPDATA framework include the finite
volume edge based space discretization, non-oscillatory advection schemes MPDATA
and preconditioned non-symmetric Krylov-subspace elliptic solver [121].
The already accomplished NFT MPDATA unstructured meshes flow solver develop-
ments to date include: compressible inviscid flow solvers for high speed aerodynamics,
and a range of atmospheric models. In a series of papers NFT MPDATA edge-based
unstructured-mesh schemes have been derived from first principles. In particular, [130]
introduces a class of global hydrostatic models that employ a classical geospherical ref-
erence frame with the governing equations cast in the latitude-longitude surface based
coordinates, but resolve notorious issues associated with meridians convergence near
the poles by exploiting the flexibility of unstructured mesh discretization. Next, the
development moved onto nonhydrostatic modelling, extending the unstructured-mesh
NFT framework to two-dimensional (2D) slabsymmetric, non-hydrostatic mesoscale
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orographic flows and a range of internal gravity wave phenomena [124] [131]. No-
tably, similar to the structured-grid NFT model, the unstructured-mesh nonhydrostatic
framework admits various soundproof systems including the classical incompressible
Boussinesq, anelastic Lipps-Hemler [124] and Durran pseudo-incompressible [124] par-
tial differential equations (PDEs) thus necessitating the solution of the elliptic Poisson
equation implied by the soundproof mass-continuity constraint; see [126] for an expo-
sition. Furthermore, the works [124] [131] verified the excellent accuracy of the 2D
edge-based approach using benchmarks from both analytic and laboratory results, and
comparing unstructured mesh results to the corresponding structured grid model re-
sults for simulations of nonhydrostatic mountain waves at weak and strong background
stratifications with linear and nonlinear flow response, respectively [131].
This work documents a major development, generalizing previous research of the
NFT MPDATA unstructured meshes suite of solvers to incompressible viscous flows
common in engineering applications. One of the particular aspects of this research is
to develop a new methodology which would allow for non-oscillatory solutions on non-
staggered meshes. As discussed earlier for incompressible flows, traditionally staggered
meshes are used to avoid issues related to introduction of so called null spaces which
are responsible for oscillation presence in numerical solutions. The new method aims
to alleviate this problem by utilising the inherent properties of MPDATA and by using
the non-linear predictor for advective velocities which is known to have stabilization
effects.
The thesis is organised as follows:
• Chapter 1 provides an introduction to this research work and a brief summary
of methods to solve the Navier-Stokes equations.
• Chapter 2 contains the overview of the governing incompressible Navier-Stokes
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equations considered for this work is discussed.
• In Chapter 3 the edge based finite volume method is discussed, followed by the
description of NFT template algorithm. A brief introduction MPDATA method
is presented. The procedure for the edge based discritisation of the MPDATA
gauge method and the Krylov subspace method is shown.
• In Chapter 4 the implementation of the NFT template algorithm for the two
and three dimensional flows are described.
• Chapter 5 presents the two dimensional NFT MPDATA incompressible flow
solver validation for the laminar and turbulent test cases. Comparison of results
with the numerical and experimental values from literature are discussed.
• Chapter 6 shows the three dimensional NFT MPDATA incompressible flow
solver validation for the laminar test case. The results are compared with the
experimental and numerical values from literature and discussed.
• Chapter 7 summarises the conclusion of this research and the recommendations
for future work.
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Chapter 2
Governing equations
The governing equations describing incompressible viscous flows, are discussed in this
chapter. In the first part, the continuity and momentum equations based on conserva-
tion laws are shown, followed by the overview of turbulence simulation and modelling
methods in the second part.
2.1 Conservation equations
Majority of the fluid flow problems can be mathematically modelled by
the Navier-Stokes equations, which are originally derived from the conservation laws
of mass, momentum and energy. The convective fluxes which are always present in the
Navier-Stokes equations appear in the first-order spatial derivative form and describe
the transport properties in the fluid flow. The diffusive fluxes contain the second order
derivatives and express the essence of the molecular diffusion phenomena. Depending
on the nature of the flow these terms may have a different influence on the mathematical
type of the equations which can take either parabolic, elliptic or hyperbolic form.
For the incompressible fluid flows, where the specific mass is considered as constant,
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2.1. Conservation equations
the Navier-Stokes equations can be simplified to conservation of mass and momentum.
The energy equation is decoupled from the Navier-Stokes equations, if the flow is
assumed to be isothermal.
The Navier-Stokes equations for incompressible flows can be written as
• Conservation of momentum
[
∂ui
∂t
+
∂uiuj
∂xj
]
= −1
ρ
∂p
∂xi
+
[
∂
∂xi
ν
(
∂ui
∂xj
+
∂uj
∂xi
)]
(2.1)
• Conservation of mass
∂ui
∂xi
= 0 (2.2)
where ui, i = 1, 2, 3 are the velocity components in a Cartesian coordinate system,
xi, i = 1, 2, 3 are any of the three coordinate direction, t is time, p is pressure and ν is
kinematic viscosity.
The Navier-Stokes equations (2.1), (2.2) can be non-dimensionlized using the below
reference variables
x∗j =
xj
Lref
u∗i =
ui
uref
t∗ = t
uref
Lref
p∗ =
p
ρrefu2ref
ν∗ =
ν
νref
. (2.3)
Hereafter, asterisks are removed from all expressions. The resulting non-dimensional
form of Navier-Stokes equations for the time-dependent viscous incompressible fluids
in the absence of external forces with no heat addition can be written as
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2.2. Turbulence modelling and simulation
• Conservation of momentum
∂ui
∂t
+
∂uiuj
∂xj
= −1
ρ
∂p
∂xi
+
1
Re
[
∂
∂xi
(
∂ui
∂xj
+
∂uj
∂xi
)]
(2.4)
• Conservation of mass
∂ui
∂xi
= 0. (2.5)
The Reynolds number can be written as
Re =
urefLref
νref
where Lref is the characteristics length.
2.2 Turbulence modelling and simulation
Turbulence is a random process in time [94]. Turbulent flows can be commonly ob-
served in numerous natural and industrial flows and often originate as the instability
which emerges from interactions between non-linear inertial terms and viscous terms in
Navier-Stokes equations [146]. These interactions are rotational, fully time-dependent
and three-dimensional. The turbulent flows can be computed either by solving govern-
ing equations with suitable turbulence models or by solving the Navier-Stokes equations
directly [147].
In principle the governing Navier-Stokes equations could accurately predict turbu-
lence in fluids, but the computers have not been sufficiently powerful to offer direct
numerical simulations for practical problems. Hence, industrial flow computations have
heavily relied on flow class dependent RANS models which only provide time averaged
data and limited turbulence statistics information. More powerful affordable comput-
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ers are allowing solution procedures that are much less dependent on modelling. For
example, with large eddy simulation (LES) around 90% of the turbulence associated
with the large eddies is resolved by the Navier-Stokes equations and the rest of the
flow-field, related to smaller scales is modelled. A successful LES needs two key ingre-
dients. The 1st is an especially accurate numerical discretization beyond the current
breed intended for RANS, for which the subtle intricacies of turbulence are time aver-
aged. The 2nd ingredient is some form of model to account for the smaller eddies that
cannot be represented on the grid.
Over the past decade, computations using high resolution methods for turbulent
flows have suggested that some high resolution numerical methods appear to achieve
many of the properties of subgrid models [13] [37] used in LES [94]. This class of
high resolution methods is currently used to simulate a broad variety of complex flows,
e.g., flows that are dominated by vorticity leading to turbulence, flows featuring shock
waves, turbulence and mixing of materials. The idea to use these models as an implicit
way to numerically model turbulent flows is referred to as monotonically integrated
LES [13][37] or implicit turbulence modelling or embedded turbulence modelling [96]
[31][100].
The following sections will briefly describe the different methods on numerical treat-
ment of turbulence.
2.2.1 Direct numerical simulation
Turbulent flows are characterised by eddies with a wide range of length and time scales
[94][147]. Resolving the whole spectrum of turbulence scales without any modelling is
called direct numerical simulation (DNS).
DNS solutions require fine grids especially for high Reynolds numbers. The tem-
poral and spatial resolutions have to be chosen small enough to resolve the smallest
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length and time scales. These scales are called Kolmogorov scales [94]. DNS calcu-
lations are being conducted only for selected low Reynolds number calculations. For
most practical problems the values of Reynolds number are high and consequently the
prohibitive computational power is required for DNS solution, since each of the fluc-
tuating quantities needs to be computed individually and there are no approximations
involved for the statistical closure of the Navier-Stokes equation.
For a typical three dimensional simulation of turbulence the minimum number of
grid points (N) required to obtain a reasonable solution can be approximated by
N ≈
(
L
η
)(3)
≈ (Ret)(9/4) (2.6)
where η is the Kolmogorov scale
(
ν3

)1/4
, L is the length scale, Ret is the turbulent
Reynolds number, ν is the kinematic viscosity and  is the dissipation rate.
The DNS method is a useful tool for the study of turbulent flow physics of simplified
test cases at low Reynolds number but it is impossible to apply to the complex practical
engineering problems because of the requirement of the unrealistic computational cost.
When affordable this method provides the most straightforward and accurate approach
to the turbulent flow simulations, when compared to RANS and LES since all scales
of turbulence are directly resolved in DNS.
2.2.2 Large eddy simulation
The turbulent flow is usually dominated by the large scale eddies. They are also
responsible for the transport of mass and momentum. The small scale eddies are
formed by the interaction of the large scales and their main function is to dissipate
fluctuations of transported quantities which affect the mean characteristics of the flow.
The smallest scales are responsible for the dissipation of turbulent kinetic energy and
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are more universal in nature [94]. Because of their universal behaviour and isotropic
nature the small scale eddies are modelled. In contrast the contribution of large energy
carrying turbulent structures to momentum and energy transfer is computed exactly.
The method of resolving large scale eddies and modelling the small scale eddies is
referred to as Large eddy simulation [37][104][109][13][42].
The governing equations employed in LES are obtained by filtering the time-
dependent Navier-Stokes equations. However, introducing a filter leads to additional
unknowns in the governing equations, which have the properties of stresses. Those
stresses are calculated using subgird scale models such as Smagorinsky model, dis-
cussed in section (2.2.2.1).
The filtered Navier-Stokes equations (2.1),(2.2) can be written as
∂u¯i
∂t
+
∂u¯iu¯j
∂xj
= − ∂p¯
∂xi
+
∂
∂xj
[
ν
(
∂u¯i
∂xj
+
∂u¯j
∂xi
)
− τij
]
(2.7)
∂u¯i
∂xi
= 0 (2.8)
where τij is the subgrid-scale stress defined by
τij = uiuj − uiuj. (2.9)
The filtered momentum equations govern the evolution of the resolved scale motion.
Therefore the subgrid scale contribution to the momentum equation is not solved on
the computational mesh, with filtered governing equations. Consequently, subgrid scale
effects must be modelled as a function of known resolved values.
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2.2.2.1 Smagorinsky model
Subgrid-scale models make an eddy-viscosity assumption (Boussinesq’s hypothesis) to
model the subgrid-scale stress tensor [146]. According to Meinke and Krause [92] review
applications of finite volume/LES to complex, industrially relevant CFD computations
[146], the whole stress τij (2.9) is modelled as a single entity by means of a single SGS
turbulence model
τij = −2νtS¯ij (2.10)
where S¯ijis the deformation tensor of the filtered field. The SGS viscosity νt needs
to be calculated using SGS model. Subgrid-scale modelling is a particular feature of
LES that distinguishes it from all other approaches. The primary task of the SGS
model is to ensure that the energy dispersion in the LES is the same as that obtained
with the cascade fully resolved by DNS.
One of the most established SGS models is the Smagorinsky model. According to
the Smagorinsky SGS model [112], the eddy-viscosity is modelled by
νt = (CSGS∆)
2|S¯| (2.11)
where CSGS is the mixing length constant for subgrid scales , |S¯| =
√
2|S¯ij||S¯ij|
and
S¯ij =
1
2
(
∂u¯i
∂xj
+
∂u¯j
∂xi
)
(2.12)
∆ is the cutoff width
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∆ = 3
√
∆x∆y∆z. (2.13)
Based on the theoretical analysis of the decay rates of isotropic turbulent eddies
in the inertial subrange of the energy spectrum, Smagorinsky suggests values of CSGS
between 0.17 and 0.21 [146].
In the Large Eddy Simulation approach the large scales of the flow are simulated
and the effects of the small scales associated with viscous dissipation are modelled.
The numerical errors of the LES should not interfere with the modelling, thus LES
require high-accuracy and low dissipation numerical integration of the fluid equations
[99].
One of the limitations of the LES approach is that, it has restricted applicability
to incompressible turbulent flows. Furthermore mesh resolution needs to be close to
that required to conduct a direct numerical simulation of the flow in regions where
the viscous dissipation should be completely resolved [99]. For high Reynolds numbers
these limitations can be overcome with an approach in which the dissipation obtained
from the numerical method implemented, will act in a similar way to contributions
made by the sub-grid scale models. Then, subgrid scale effects are accounted implicitly
without the need for an explicit subgrid scale model. This approach is called implicit
LES (ILES).
2.2.3 Implicit large eddy simulation
Boris [13] and Youngs [152] first observed that for the complex flows with high Reynolds
numbers a certain type of numerical schemes are capable of simulating turbulent flows
without the explicit addition of a subgrid model [61]. They obtained a good agreement
of results for the simulation of both decaying homogeneous turbulence and mixing flows
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using the unfiltered equations instead of filtered equations.
The fundamental approach for the implicit sub-grid scale is that, while discretizing
the governing equations, the associated truncation error results in similar form and
action to sub-grid model, with the filter size being adjusted automatically to grid
size. The advantages of ILES in the absence of explicit subgrid models are its easy
implementation and computational efficiency. The ILES has been studied in a variety
of applications and correct simulations of turbulent flows with ILES are documented for
applications such as free jets [13] [43], geophysical flows [116] [70], decaying turbulence
[141] [71] [37] [95] [38] [153].
Not all the numerical methods can provide the ILES capability. There are some of
the notable requirements that the method needs to fulfil to be effective in providing the
implicit treatment of subgrid scales. One such method is MPDATA. The suitability of
MPDATA to be an effective method for the solving the turbulence simulation implicitly
has been documented for example by Rider et al.[99] and Margolin et al. [69].
The particular nonlinear design of MPDATA [99] makes it a capable advection
method for implicit large-eddy simulation (ILES) of high Reynolds number turbulent
flows. According to Margolin et al. [68] [69] when an explicit turbulence model was
implemented, MPDATA did not add any unnecessary diffusion and when no explicit
turbulence scheme was employed MPDATA itself appeared to include an effective SGS
model.
In contrast to the typical LES approach where in the effects of the subgrid-scale
are resolved by implementing an explicit sub-grid scale model, in ILES the truncation
error terms in the advection terms will act as a effective implicit sub-grid scale model.
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2.2.4 Reynolds averaged Navier-Stokes (RANS) equations
In RANS approach the governing equations of the fluid flow are time averaged. The
substitution of the mean component and the fluctuating component results in a time-
averaged Navier-Stokes equations.
Consider
u = u¯+ u′ (2.14)
where u¯ is the mean component of the velocity and u′ is the fluctuating part. All
the scalars (here velocity components and pressure) in the Navier-Stokes equations
(2.1),(2.2) are time averaged and the resulting equations are given by
∂ui
∂t
+
∂uiuj
∂xj
= − ∂p
∂xi
+
∂
∂xj
[
ν
(
∂ui
∂xj
+
∂uj
∂xi
)
− u′iu′j
]
(2.15)
∂ui
∂xi
= 0. (2.16)
The equations (2.15), (2.16) are called RANS equations and the extra term −u′iu′j
is termed Reynolds stress. In order to compute turbulent flows with RANS equations,
turbulence models are necessary to predict the Reynolds stresses and the scalar trans-
port terms to close the mean flow equations. Most commonly turbulence models are
classified as [94]
1. Algebraic models
2. One-equation models
3. Two-equation models
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4. Second-order closure models
The Algebraic, One-equation, Two-equation turbulence models are also known as
first order closure models or Eddy Viscosity Models(EVM).
Algebraic models are also called zero-equation models as they do not require
any additional equations for calculation of flow variables. In this class of models the
Boussinesq eddy-viscosity approximation is used to compute the Reynolds stress tensor
as a product of an eddy viscosity and the mean strain-rate tensor. The simple algebric
model for turbulence was derived by Baldwin-Lomax [5] and it is based on the widely
used Cebeci-Smith boundary layer model proposed in 1974. The zero-equation models
are inexpensive, easy to program and work well for relatively simple problems.
The one-equation models solve the kinetic energy with the help of one transport
equation. One-equation models are popular because of their numerical ease of use
compared to standard two-equation models [33]. One equation models are considered
as a good compromise between the algebraic and two-equation models in terms of
simplicity. Prandtl postulated the one-equation model for the turbulent kinetic energy,
followed by Emmons [32]. Both these models are considered incomplete, because the
length scale they utilised was problem dependent. Nee and Kovasznay [78] postulated
the first one-equation model directly for turbulent viscosity based on phenomenological
arguments. Extending from Nee and Kovasznay model, Sekundov, [108] proposed a
complete model for turbulent viscosity. Spalart-Allmaras [128] one-equation model is
considered as one of the most successful models up to date. It was developed generically
for the turbulent eddy viscosity with strong emphasis on the numerical behaviour [33].
In the two-equation turbulence models two separate transport equations are
solved to determine the length and velocity scales for eddy viscosity. Most often one of
the transported variables is the turbulent kinetic energy k, and the second transported
variable is either a turbulent dissipation  or specific dissipation rate ω. Two of the most
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commonly used two equation models are Menter’s SST model [75] and the Launder and
Spalding’s k- model [57], while the Kolmogorov’s k-ω model was the first of the two-
equation models.
The concept of second order closure models is to make direct use of the govern-
ing equations for the second order moments (Reynolds stresses and turbulent fluxes)
instead of Boussinesq hypothesis. The complexity of the approach is due to the in-
creased number of equations which involve unknowns and correlations, which are prob-
lem dependent.
2.2.4.1 Motivation for the use of one-equation turbulence model
Algebraic turbulence models (zero-equation turbulence models) do not require the so-
lution of any additional equations and are calculated directly from the flow variables.
Limitations of these turbulence models come from the boundary layer thickness being
not been properly defined as well as inaccuracies in prediction of shock-boundary layer
interactions and flows involving massive separations [18][49].
When compared to one equation models, two equation models are mathematically
more sophisticated and ensure the simplest complete closure. However, they provide no
significant advantage over the one-equation model for the prediction of shock-boundary
layer interactions or separation of boundary layers at smooth surfaces [45]. Higher com-
putational effort in these models comes from requirement of finer grids near walls and
stronger source terms which degrade the convergence and demand non-trivial upstream
and free stream condition for the turbulence variables [128]. Wall functions are usu-
ally introduced that further complicate their implementation [39]. The one-equation
models seem to provide a convenient compromise between algebraic and two-equation
turbulence models.
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2.2.4.2 Spalart-Allmaras turbulence model equation
The Spalart-Allmaras one-equation turbulence model [128] is used in the present work.
It involves a solution of the partial differential equation for the production, diffusion
and destruction of turbulent eddy viscosity.
The Spalart-Allmaras turbulence model equation is given by
∂νˆ
∂t
+ ui
∂νˆ
∂xi
= cb1Ωˆνˆ +
1
σ
(
∂
∂xj
[
(ν + νˆ)
∂νˆ
∂xj
]
+ cb2
∂νˆ
∂xj
∂νˆ
∂xj
)
− cb1fw
(
νˆ
d
)2
(2.17)
where ν is the molecular viscosity , νˆ is the working viscosity variable of the model.
The working viscosity variable νˆ is related to turbulent viscosity νt by
νt = fv1νˆ (2.18)
where
fv1 =
X3
X3 + c3v1
,
Here the Reynolds stresses are computed with
τijt = −u′iu′j = 2νtSij = νˆfv1
(
∂ui
∂xj
+
∂uj
∂xi
)
(2.19)
X is defined as the ratio of eddy viscosity variable to the molecular kinematic
viscosity X = νˆ
ν
, and cv1 = 7.1.
The Spalart-Allmaras turbulence model equation (2.17) has the time derivative
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and the convective terms on the left hand side of the equation and the production,
diffusion, and destruction of the eddy viscosity on the right hand side of the equation
(2.17) respectively. The complete turbulence model includes the trip functions which
are used for modelling the laminar to turbulent transition at a pre-specified point.
The Ωˆ variable in the production term is given by
Ωˆ = Ω +
νˆ
k2d2
fv2 (2.20)
where Ω =
√
2ΩijΩij is the magnitude of the vorticity vector and Ωij is the rotation
tensor that can be written as
Ωij =
1
2
[
∂ui
∂xj
− ∂uj
∂xi
]
, (2.21)
and
fv2 = 1− X
3
X3 + c3v1
with variable d in the production term (2.20) as well as in the destruction term in
(2.17) being defined as the normal distance from the data point to the nearest solid
surface. It should be noted that only boundaries with no-slip condition need to be
considered while calculating the distance. This avoids the production and destruction
of turbulence viscosity on free slip walls and far field boundaries, where all boundary
layer effects are ignored.
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The symbols in the destruction term indicate
fw = g
[
1 + c6w3
g6 + c6w3
]1/6
g = r + cw2(r
6 − r)
r =
νˆ
Ωk2d2
The constants used in the Spalart-Allmaras model are;
cb1 = 0.1355 , cb2 = 0.622 , cw2 = 0.3 , cw3 = 2 , σ = 2/3 , k = 0.4.
Non-dimensionalising the equation (2.17) using the reference variables
x∗j =
xj
Lref
u∗i =
ui
Uref
t∗ = t
Uref
Lref
p∗ =
p
ρrefU2ref
ν∗ =
ν
UrefLref
(2.22)
results in
∂νˆ
∂t
+ ui
∂νˆ
∂xi
= cb1Ωˆνˆ +
1
σRe
(
∂
∂xj
[
(1 + νˆ)
∂νˆ
∂xj
]
+ cb2
∂νˆ
∂xj
∂νˆ
∂xj
)
−cb1fw
(
νˆ
d
)2
1
Re
(2.23)
where Lref , Uref are reference length and velocity respectively. The non-dimensional
variables are denoted by an asterisk. For simplicity the asterisks are removed but all
the values assumed are dimensionless unless otherwise stated.
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Numerical solution procedure
In this chapter, the methodology used for solving the Navier-Stokes equations is dis-
cussed. The symbols and terminologies closely follow notation used in reference [123].
3.1 Edge based finite volume method
The spatial discretisation used in this work is based on the finite volume formulation
using median dual control volume which is implemented using an edge based data struc-
ture and is adapted to solving two and three dimensional problems. The formulation
is flexible and applicable to unstructured meshes using arbitrary shaped elements. In
2-D, triangular, quadrilateral and hybrid primary meshes have been used in this work
and in 3-D implementation of the edge based finite volume discretisation, have been
illustrated for tetrahedral, hexahedral, pyramids, prisms and hybrid primary meshes
[125].
The definition of a median-dual control volume results in a polyhedral hull around
each mesh node as shown (3.1). For clarity in the figure (3.1) a construction of dual
meshes for 2-D mixed primary meshes is illustrated. The primary mesh is formed by
28
3.1. Edge based finite volume method
connecting edges, joining data points, i.e. vertexes where values of flow variables are
stored. As the collocated mesh arrangement is used, pressures and velocity components
are stored in the same points. The finite volume integration is performed using the
dual mesh. For two-dimensional meshes as in figure (3.1), the dual mesh for the point
”i” is constructed by joining the centroids of the primary mesh elements surrounding
this point with the centres of edges joining point ”i” with its neighbours. A significant
reduction in computational cost and memory requirements in the solver can be obtained
by using the edge based data structure. This reduction is more pronounced in three-
dimensional cases [91]. For every edge, global numbers of the two points it connects
are stored together with the Cartesian projection of the face corresponding to this edge
cell shared by two finite volumes belonging to the points joined by this edge Sj for
points ”i” and ”j” in figure (3.1).
Figure (3.2) shows such a cell-face in three-dimensions and its orientation as seen
from the point ”i”. In the implementation employed here the edge is pierced by the
cell face exactly in the centre. In three dimensions, the polyhedron defining a dual
mesh is constructed as follows. Having generated a primary mesh formed by the edges
connecting data points, median-dual control volume is formed by connecting the cen-
troids of tetrahedral or prismatic elements surrounding point ”i”, with centres of faces
separating these elements and edge- midpoints of all edges sharing node ”i” with its
neighbours e.g. ”j” as shown in the figure (3.2).
Other arrangements for the unstructured grids connectivity and edge-based struc-
tures are possible.The various available data structures have been discussed in [6].
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i 
j 
Sj 
Primary mesh 
Dual mesh 
Figure 3.1: The edge-based, median-dual approach in 2D, closed circle
represents node points (data), open circle represents centers of polygonal dual mesh
3.2 Calculation of derivatives
The key element of the application of finite volume discretisation to the solution of
partial differential equations is a procedure used for evaluation of the differential op-
erators.
In the edge based finite volume framework adopted here, the calculation of deriva-
tives can be interpreted in terms of Gauss divergence theorem. Using notation defined
in figure (3.1), for the control volume of the dual mesh surrounding vertices i and j
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Figure 3.2: Schematic of an edge piercing an arbitrary cell-face
the spacial derivative of the scalar Ψ can be written as
∂Ψ
∂xI
=
1
Vj
 l(i)∑
m=1
Ψ
i,m
SIm +
l(j)∑
m′=1
Ψ
j,m′
SIm′
 ,Vj ≡ Vi + Vj, (3.1)
where Ψ
i,m ≡ 0.5(Ψi + Ψm) and SIm denotes the Ith area component of the oriented
surface of cell face at the mth edge, and xI is the I
th Cartesian coordinate V is the
volume of the median-dual control volume, l(i),l(j) are the number of edges incident to
node i and j respectively. This formula is applicable for both two and three dimensional
cases. The computation of the derivatives are carried out by looping over the edges of
the primary grid. An analogous procedure is applied to the differentiation of fluxes.
3.3 NFT Template algorithm
The Navier-Stokes equations for incompressible flows are integrated using the high-
resolution Non-Oscillatory Forward in time Scheme (NFT) [113].
The term NFT was introduced in late 1990s [119] [70] to label a class of second-
order-accurate two time level algorithms for fluids, built on modern nonlinear advection
techniques that suppress/reduce/control numerical oscillations characteristic of higher-
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order linear schemes [129] [132]. NFT methods have been developed in the context of
the geophysical flows and structured grid solvers [120] [115] and generalised to unstruc-
tured meshes [123].
The algorithmic template of the NFT solvers is described next. For convenience,
one dimensional form of the template algorithm is presented here, however the concept
on NFT solvers extends readily to multidimensions and can be applied to a variety of
governing equation systems. The notation and description of the NFT algorithm in
this section follows closely the exposition in [122].
The generic equation of fluids for a variable φ advected with a fluid flow can be
expressed as
∂φ
∂t
+∇. (Vφ) = R (3.2)
where φ is the dependent variable (velocity component, temperature etc.,), ∇ is the
divergence operator, V is the advection velocity and R represents the right hand side.
For the momentum equations, it accounts for the pressure and the viscous terms.
The non-oscillatory forward in time algorithm employed to integrate (3.2) with
second-order accuracy in time and space can be written in a compact form as [120]
φn+1i = φˆi + 0.5δtR
n+1
i (3.3)
where φn+1i is the solution sought at mesh point (xi, t
n+1)
φˆ = Ai
(
φn + 0.5δtRn,Vn+1/2
)
where n and i are the temporal and spatial position on the mesh, Ai refers to edge based
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MPDATA [123]. Vn+1/2 is the second order estimate of V at t + 0.5δt and Rn+1 is a
second order accurate finite volume representation of R, whereRn+1 = R(t+δt)+O(δt3)
.
Centering-in-time the advective velocity Vn+1/2 that appears as an argument of Ai
is required to compensate for the first order errors of ∂v
∂t
[129]. The first order accurate
estimation of V
n+1/2
i is sufficient to obtain the second-order accurate of solution of
(3.2). It can be predicted from the first order upwind solution as
V˜
n+1/2
i = V
n
i − 0.5δtV∗|ni .∆iV + 0.5δtRˇni (3.4)
where ∆i denotes the centered finite-volume approximation of the gradient oper-
ator at the node i, Rˇ represents the specific dependent variable of R. However, for
incompressible flows a linear extrapolation in time can be adopted instead, and this
option is exclusively used here, cf [124]
In the NFT scheme the two elements defining the solver are a) choice of the trans-
port operator A and b) the approach for evaluating Rn+1 at the rhs. MPDATA is
used as the transport operator in this work for its genuine multidimensionality, free
of splitting errors, easy accuracy-sustaining generalization to unstructured meshes and
its suitability for DNS, LES and ILES [132]. Rn+1 is evaluated implicitly which leads
to the elliptic problem.
In summary, the NFT MPDATA framework employed in the derivation of the
numerical scheme used in this work can be written as
φn+1i = MPDATA
(
φn + 0.5δtRn,Vn+1/2
)
+ 0.5δtRn+1i (3.5)
As it will be shown later, the remaining key elements of the Navier Stokes equations
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solution scheme employed here include finite volume edge based discretization, non-
oscillatory advection scheme MPDATA and the preconditioned non symmetric Krylov-
subspace elliptic solver [119] [126]. These will be briefly described next.
3.4 MPDATA advection method
Multidimensional positive definite advection transport algorithm (MPDATA) [114]
[117] [123] [129] provides solution to the general advection equations and can be used to
approximate the advection terms in the conservative (flux) formulation of fluid equa-
tions.
Initially MPDATA was designed as a simple scheme for handling the transport of
non-negative theromdynamic variables in atmospheric models [113] [114]. Since then,
the scheme has been accepted as an inexpensive alternative to flux-limited schemes
for evaluating the advection of non-negative thermodynamic variables in atmospheric
cloud models. Later MPDATA was generalised to applications involving a complete
fluid solver in analysing the truncation error of approximations to the momentum and
energy equations [115].
A complete formal derivation of MPDATA for unstructured meshes was proposed in
[122][123]. In MPDATA as in any Taylor-series based integration method for differential
equations, a choice of data structure has a significant impact on details of algorithm [74].
Focusing on the broad range of applications, a formulation based on edge based data
structure in the arbitrary finite-volume framework and hybrid meshes was proposed by
Smolarkiewicz et al. [123] [122].
MPDATA is based on the upwinding scheme operating in an iterative manner to
achieve second order accurate solutions to advective conservation laws. After the first
order upwind solution MPDATA applies corrective upwind steps to reduce the error
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of the preceding steps. The MPDATA method employs error-compensating pseudo-
velocities in the corrective steps that are derived on the basis of truncation error anal-
ysis. The compensation is achieved by the iterative application of upwind scheme,
where in the second and following iterations the leading truncation error terms are
cast into the form of advective fluxes, defined as the products of the current solution
iterated and a suitable defined velocity field. The resulting algorithm is second order
accurate, conservative, fully multidimensional, and computationally efficient [129].
MPDATA belongs to the class of non-linear high-resolution schemes [100], that
offers solution free of unphysical oscillations, by preserving positivity/monotonicity
and ensuring non-linear stability also maintaining second-order accuracy for arbitrary
flows.
3.4.1 Derivation of MPDATA method
For completeness, following closely the developments from [123], the derivation of MP-
DATA method is presented here.
Consider an elementary advection equation:
∂Ψ
∂t
= −∇ · (vΨ) , (3.6)
where Ψ = Ψ(x, t) is a nondiffusive scalar field assumed nonnegative at t = 0, and the
v = v(x) is a prescribed flow assumed stationary.
An arbitrary computational cell as shown in figure (3.2) with neighbouring vertex i
and j connected with the edge where Sj refers both to the face per se and to its surface
area.
Integrating (3.6) over the volume of an arbitrary cell while employing the Gauss
divergence theorem
∫
Ω
∇ · (vΨ) = ∫
∂Ω
Ψv · n, results in
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Ψn+1i = Ψ
n
i −
δt
Vi
l(i)∑
j=1
F⊥j Sj . (3.7)
Ψn+1i and Ψ
n
i are depicted as the mean values of Ψ within the volume Vi of the cell
containing vertex i; while F⊥j is depicted as the mean normal flux through the cell face
Sj averaged over temporal increment δt.
Applying upwind scheme in an arbitrary grid the fluxes F⊥j in terms of data available
can be written as
F⊥j = [v
⊥
j ]
+Ψni + [v
⊥
j ]
−Ψnj , (3.8)
where
[v]+ := 0.5(v + |v|) , [v]− := 0.5(v − |v|) , (3.9)
and normal velocity v⊥ := v·n is evaluated at the face Sj. The nonnegative/nonpositive
parts of v⊥j always coincide with outflow/inflow from the ith cell.
Expanding all the discrete data in space and time about the intermediate time level
tn+1/2 and Sj where the edge pierces the face using Taylors series results in the leading
truncation error of the unstructured gird upwind differencing [122] [123]. The upwind
flux (3.8) results in
F⊥j = v
⊥
j Ψ
∣∣∣n+1/2
sj
+ Error (3.10)
Error = −0.5|v⊥j |∂Ψ∂r
∣∣∣∗
sj
(rj − ri) + 0.5v⊥j ∂Ψ∂r
∣∣∣∗
sj
(ri − 2rsj + rj)
+0.5δtv⊥j (v∇Ψ)
∣∣∣∗
sj
+ 0.5δtv⊥j (Ψ∇ · v)
∣∣∣∗
sj
+ O(δr2, δt2, δtδr) (3.11)
The asterisk in the error term symbolizes either n, n + 1/2, n + 1 as any of these
36
3.4. MPDATA advection method
temporal positions can be considered without affecting the form or the order of Error.
As mentioned, MPDATA is the sequence of upwind iterations , in the first iteration,
the input field and flow velocity are taken from the time level tn and in the second
(corrective) iterations, the input field is the result of the preceding upwind iterations
and pseudo velocity. v˜ := − 1
Ψ
Error.
In particular,
v˜⊥j = 0.5|v⊥j |
(
1
Ψ
∂Ψ
∂r
) ∣∣∣∗
sj
(rj − ri)− 0.5v⊥j
(
1
Ψ
∂Ψ
∂r
) ∣∣∣∗
sj
(ri − 2rsj + rj)
−0.5δtv⊥j (v 1Ψ∇Ψ)
∣∣∣∗
sj
− 0.5δtv⊥j (∇ · v)
∣∣∣∗
sj
, (3.12)
with the asterisk now indicating the first-order estimate of the n+ 1 solution from the
preceding upwind iteration. In principle, the entire process of estimating the residual
error and compensating it can be continued, iteration after iteration, reducing the
magnitude of the truncation error; yet in practice one corrective iteration suffices for
recovering the overall accuracy of time-space centered schemes.
The above procedure outlines the approach of finite volume MPDATA, derived for
the edge based data structure, but the general form of pseudo velocity (3.12) can be
applied to many finite volume schemes with various cell arrangements.
3.4.2 Edge based implementation of basic MPDATA method
The implementation of the MPDATA method to the unstructured edge based data
structure by constructing median dual finite volume mesh is discussed in this section.
The edge based approach is flexible to apply for various mesh adaptivity techniques
[122], and allows it to integrate the generic physical form of the governing PDE over
arbitrarily shaped cells.
Consider a two dimensional illustration of a mesh as shown in figure 3.1, with the
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dual mesh containing the vertex i, to intersect the centers of the j = 1, l(i) edges
connecting vertex i with its l(i) neighbours that bounds the control volume Vi. This
approach can be applicable to 3D hybrid meshes [122]. Using the elementary vector
formulae , the cell volume, face area and normals are calculated. The summary of the
MPDATA procedure is as follows
• Step 1: Calculate the surface weighted velocity normal to the cell face v⊥j
• Step 2: Calculate the fluxes from the equation (3.8)
F⊥j = [v
⊥
j ]
+Ψni + [v
⊥
j ]
−Ψnj , (3.13)
• Step 3 : Update the variable from the flux calculated from the equation (3.13)
Ψ∗i = Ψ
n
i −
δt
Vi
l(i)∑
j=1
F⊥j (3.14)
• Step 4 :Calculate the anti diffusive pseudo velocity from equation (3.12) cf [129]
vˆ⊥j = |v⊥j |
|Ψ∗j | − |Ψ∗i |
|Ψ∗j |+ |Ψ∗i |+ ε
− δt
2
v⊥j
(
v · ∇|Ψ
∗|
|Ψ∗| +∇ · v
)
Sj
, (3.15)
• Step 5 :Calculate the fluxes the from antidiffusive velocity from (3.15)
F ∗j = [v
⊥
j ]
+Ψ∗i + [v
⊥
j ]
−Ψ∗j , (3.16)
• Step 6 : Update the scalar field using the fluxes from the equation (3.16)
Ψn+1i = Ψ
∗
i −
δt
Vi
l(i)∑
j=1
F ∗j (3.17)
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Steps 4 to 6 can be repeated for multi-pass MPDATA.
The step by step procedure of the basic MPDATA scheme is described above.
MPDATA preserves sign. To ensure montonicity of the scheme the procedure akin to
the flux corrected transport (FCT) is applied according to principles described in [123].
Note that unusually in the MPDATA FCT the limiters are applied to the antidiffusive
velocity.
3.4.3 Edge based implementation of MPDATA gauge method
The basic form of MPDATA method discussed in the previous section allows the trans-
portation of scalar fields that are required to be non-negative or non-positive. In order
to evaluate transportation of scalar fields with variable signs MPDATA gauge option is
used. The gauge option of MPDATA, linearises MPDATA around an arbitrarily large
constant [117]. Performing this linearisation leads to a two pass scheme that differs
to the basic scheme only in the calculation of the pseudo velocity and execution of
second Upwind pass. The calculation of the pseudo velocities is altered to the formu-
lation of the numerical estimates of the gradients. This linearised formulation removes
the application of absolute values and replaces each values of Ψ∗ in the denominator
of equation (3.15) by unity. In all implementations in this work the gauge option of
MPDATA is used.
The resulting scheme can be summarised as follows:
• Step 1: Calculate the surface weighted velocity normal to the cell face v⊥j
• Step 2: Calculate the fluxes from the equation (3.8)
F⊥j = [v
⊥
j ]
+Ψni + [v
⊥
j ]
−Ψnj , (3.18)
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• Step 3 : Update the variable from the flux calculated from the equation (3.18)
Ψ∗i = Ψ
n
i −
δt
Vi
l(i)∑
j=1
F⊥j (3.19)
• Step 4 :Calculate the anti diffusive pseudo velocity from equation (3.12) cf [129]
vˆ⊥j = |v⊥j |
Ψ∗j −Ψ∗i
2
− δt
2
v⊥j (v · ∇Ψ∗)Sj (3.20)
• Step 5 :Calculate the fluxes the from anti diffusive velocity from (3.20)
F ∗j = [vˆ
⊥
j ]
+ + [vˆ⊥j ]
− (3.21)
• Step 6 : Update the scalar field using the fluxes from the equation (3.21)
Ψn+1i = Ψ
∗
i −
δt
Vi
l(i)∑
j=1
F ∗j (3.22)
The velocity divergence in last term of equation (3.15) is small and is neglected in
this implementation. Analogous changes are applied in the implementation of FCT.
3.5 Numerical implementation of the elliptic solver
For the solution of the Poisson equation formulated in the next section a preconditioned
nonsymmetric Krylov-subspace elliptic solver will be used. It belongs to conjugate-
residual type iterative schemes [121]. In this method an approximate solution is ob-
tained of the elliptic problem equation expressed in the following form
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L(p)− R = 0 (3.23)
Where L represents the Laplacian and R is the explicit part of the Poisson problem.
The solution is generated by linearly combining the initial guess p0 with the subse-
quent iteration of the initial residual error , r0 = L(p0)−R, under the linear operator
L, such that
∀i pνi = p0i +
γ=ν∑
γ=1
aν,γL
γ−1
i (r
0) (3.24)
The elliptic equation is expanded for the kth order using the pseudo-time τ
∂kP(p)
∂τ k
+
1
Tk−1(τ)
∂k−1P(p)
∂τ k−1
+ ..... = L(p)− R (3.25)
Here damping scale T = η−1∆τ , β is the pseudo-time increment where β = ∆τ
and P is a preconditioning operator, which substitutes the governing elliptic problem
L(p)−R = 0 with an auxillary problem P−1 (L(p)− R) = 0 that converges faster than
the original problem due to a better preconditioning of the auxillary elliptic operator
P−1L [121].
The algorithm for preconditioned generalized conjugate residual method is given as
For the kth order damped oscillation For any initial guess p0, set r0i = Li(p
0) −
Ri, q
0
i = P
−1
i ; then iterate
for n=1,2,..until convergence do
for ν = 0, ...k − 1 do
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β = − 〈r
νL(qν)〉
〈L(qν)L(qν)〉 ,
pν+1i = p
ν
i + βq
ν
i ,
rν+1i = r
ν
i + βLi(q
ν),
ei = P
−1
i (r
ν+1),
∀i evaluate Li(e) = 1
ρ∗
∇i.C∇e,
∀l=0,ν αl = −
〈
L(e)(ql)
〉
〈L(ql)L(ql)〉 ,
qν+1i = ei +
ν∑
l=0
αlq
l
i,
Li(q
ν+1) = Li(e) +
ν∑
l=0
αlLi(q
l),
enddo,
reset [p, r, q,L(q)]ki to [p, r, q,L(q)]
0
i ,
enddo
〈....〉 denotes the domain integral. The above procedure describes the iterative process
of elliptic solver.
42
Chapter 4
Implementation
This chapter discusses the implementation of the NFT solver for the incompressible
Navier-Stokes equations.
4.1 Numerical methodology for incompressible Navier-
Stokes equations
In this section the step by step procedure for solving the Navier-Stokes equations using
the NFT MPDATA framework is shown.
All solutions here are calculated for equations in dimensional form. For clarity two
dimensional form of Navier-Stokes equations are considered,
Momentum equation
∂u
∂t
+
∂uu
∂x
+
∂uv
∂y
= −∂p
∂x
+
∂
∂x
(τxx) +
∂
∂y
(τxy) (4.1)
∂v
∂t
+
∂vu
∂x
+
∂vv
∂y
= −∂p
∂y
+
∂
∂x
(τyx) +
∂
∂y
(τyy) (4.2)
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Continuity equation
∂u
∂x
+
∂v
∂y
= 0 (4.3)
where
τxx = ν
(
∂u
∂x
+
∂u
∂x
)
τyy = ν
(
∂v
∂y
+
∂v
∂y
)
τxy = τyx = ν
(
∂u
∂y
+
∂v
∂x
)
The nonoscillatory forward-in-time algorithm for the generic equation (3.2) of fluids
can be written as
φn+1i = φˆi + 0.5δtR
n+1
i (4.4)
φˆi = MPDATA
(
φn + 0.5δtRn,Vn+1/2
)
where vn+1/2 is an O(δt2) estimate of v at t+ 0.5δt.
Rewriting the NFT MPDATA framework in terms of u and v velocities gives
un+1 = uexp − 0.5δt∂p
∂x
n+1
(4.5)
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vn+1 = vexp − 0.5δt∂p
∂y
n+1
. (4.6)
The explicit components of velocity uexp, vexp are obtained from MPDATA
uexp = MPDATA(u˜, u
n+1/2) (4.7)
vexp = MPDATA(v˜, v
n+1/2). (4.8)
The auxiliary variables u˜, v˜ now take the following form :
u˜ = un + 0.5δt
∂pn
∂x
+ δt
(
∂
∂x
(τxx) +
∂
∂y
(τxy)
)n
(4.9)
v˜ = vn + 0.5δt
∂pn
∂y
+ δt
(
∂
∂x
(τyx) +
∂
∂y
(τyy)
)n
(4.10)
and the advective velocity components are extrapolated according to
un+1/2 = 1.5un+1 − 0.5un−1 (4.11)
vn+1/2 = 1.5vn+1 − 0.5vn−1 (4.12)
In order to obtain implicitly the values of pressure gradients ∂p
∂x
, ∂p
∂y
at the time level
n+1 the Poisson’s equation needs to be formulated. This is achieved by applying the
divergence operator to equation (4.5), (4.6). Applying differential operators ∂
∂x
, ∂
∂y
to
equations (4.5), (4.6)respectively results in
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∂u
∂x
n+1
=
∂uexp
∂x
− 0.5δt
(
∂2p
∂x2
)n+1
(4.13)
∂v
∂y
n+1
=
∂vexp
∂y
− 0.5δt
(
∂2p
∂y2
)n+1
(4.14)
Summation of the equations (4.13)(4.14) gives:
∂u
∂x
n+1
+
∂v
∂y
n+1
=
∂uexp
∂x
+
∂vexp
∂y
+ 0.5δt
(
∂2p
∂x2
+
∂2p
∂y2
)n+1
. (4.15)
From the continuity equation
∂u
∂x
n+1
+
∂v
∂y
n+1
= 0. (4.16)
Therefore the equation (4.15) becomes
(
∂2p
∂x2
+
∂2p
∂y2
)n+1
− 2
δt
(
∂uexp
∂x
+
∂vexp
∂y
)
= 0 (4.17)
and can be symbolically written as
L(p)−B = 0, (4.18)
where L represents the Laplacian and B is the explicit part of the Poisson problem.
The solution for the equation (4.15) is obtained by the implicit elliptic solver based on
Krylov subspace method, discussed in the section (3.5).
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4.2 Implementation of Spalart-Allmaras turbulence
model equation
The turbulence equation is also discretized using the edge-based data structure and the
NFT scheme. The convective terms are treated using the first order upwind scheme
and diffusion terms are treated analogously to the viscous terms in the flow equations.
The turbulence model equation is solved separately from the flow equations, with the
viscosity values from the turbulence model being fed back into the flow solution and the
working viscosity variable being transported with advective velocities resulting from
flow solution.
For convenience , Spalart-Allmaras turbulence model equation can be written as
∂νˆ
∂t
+ u
∂νˆ
∂x
+ v
∂νˆ
∂y
= R (4.19)
where
R = cb1Ωˆνˆ +
1
σ
(
∂
∂x
[
(ν + νˆ)
∂νˆ
∂x
]
+ cb2
∂νˆ
∂x
∂νˆ
∂x
)
+
1
σ
(
∂
∂y
[
(ν + νˆ)
∂νˆ
∂y
]
+ cb2
∂νˆ
∂y
∂νˆ
∂y
)
−cb1fw
(
νˆ
d
)2
.(4.20)
The turbulent viscosity can be obtained from
νt = fv1νˆ (4.21)
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The procedure for solving the turbulence model equation utilises again the NFT
framework. In this case, the source term in the right hand side of the transport equation
(4.19) is solved with first order accuracy in time. Therefore, the application of NFT
solver reduces to the following form.
φn+1 = φˆi = UPWIND (φ
n + δtRn,Vn)
Rewriting the NFT template algorithm in terms of viscosity
νˆn+1 = UPWIND (ν˜,Vn) (4.22)
where
ν˜ = νˆn + δtRn
After calculating the working viscosity variable νˆ, the turbulent viscosity value is
calculated from the equation (4.21). For the turbulent flows, the additional turbulent
viscosity (νt) obtained from solving the Spalart-Allmaras turbulence model equation is
used to solve the RANS equations (2.15).
The Spalart-Allmaras turbulence model equation used here requires information
concerning the distance of each grid point to the closest wall boundary. The dis-
tance(d) is computed by taking the distance between a given grid point and the closest
boundary point, d =
√
(xi − xb)2 + (yi − yb)2 where (x, y)i is the corresponding grid
point and (x, y)b is the grid point at the boundary. The values of distance d for each
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point are calculated once, at the beginning of the calculation.
In the discretization of (4.20) the necessary derivatives are evaluated as follows
(
∂νˆ
∂x
)
i
=
1
Vi
l(i)∑
m=1
0.5(νˆi + νˆm)sxm (4.23)
(
∂νˆ
∂y
)
i
=
1
Vi
l(i)∑
m=1
0.5(νˆi + νˆm)sym (4.24)
and in the first term of (4.20) , we need the following derivatives according to (2.21)
(
∂u
∂x
)
i
=
1
Vi
l(i)∑
m=1
0.5(ui + um)sxm (4.25)
(
∂u
∂y
)
i
=
1
Vi
l(i)∑
m=1
0.5(ui + um)sym (4.26)
(
∂v
∂y
)
i
=
1
Vi
l(i)∑
m=1
0.5(vi + vm)sym (4.27)
(
∂v
∂x
)
i
=
1
Vi
l(i)∑
m=1
0.5(vi + vm)sxm (4.28)
and
(
∂
∂x
[
(ν + νˆ)
∂νˆ
∂x
])
i
=
1
Vi
l(i)∑
m=1
0.5
(
(νi + νˆi)
(
∂νˆ
∂x
)
i
+ (νm + νˆm)
(
∂νˆ
∂x
)
m
)
sxm
(4.29)
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(
∂
∂y
[
(ν + νˆ)
∂νˆ
∂y
])
i
=
1
Vi
l(i)∑
m=1
0.5
(
(νi + νˆi)
(
∂νˆ
∂y
)
i
+ (νm + νˆm)
(
∂νˆ
∂y
)
m
)
sym
(4.30)
4.3 Summary of NFT MPDATA procedure
In summary, the NFT MPDATA procedure for solving the incompressible Navier-Stokes
equations including the edge based discretisation can be written as follows:
• Step 1 : Evaluate the values of un+1/2, vn+1/2
u
n+1/2
i = 1.5u
n
i − 0.5un−1i (4.31)
v
n+1/2
i = 1.5v
n
i − 0.5vn−1i (4.32)
• step 2 : Calculate the working viscosity variable (νˆ)
νˆ = UPWIND (ν˜,Vn)
• Step 3 : Calculate stresses: the viscous stresses (τij) and Reynolds stresses (τijt)
τxx + τxxt = (ν + νt)
(
∂u
∂x
+
∂u
∂x
)
(4.33)
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τyy + τyyt = (ν + νt)
(
∂v
∂y
+
∂v
∂y
)
(4.34)
τyx + τyxt = τxy + τxyt = (ν + νt)
(
∂u
∂y
+
∂v
∂x
)
(4.35)
where ν is the laminar viscosity.
• Step 4 : Find the auxiliary variables
u˜i = u
n
i + 0.5δt
(
∂p
∂x
)n
i
+ δt
(
∂
∂x
(τxx + τxxt) +
∂
∂y
(τxy + τxyt)
)n
i
(4.36)
v˜i = v
n
i + 0.5δt
(
∂p
∂y
)n
i
+ δt
(
∂
∂x
(τyx + τyxt) +
∂
∂y
(τyy + τyyt)
)n
i
(4.37)
where the derivatives can be written as
(
∂p
∂x
)
i
=
1
Vi
l(i)∑
m=1
0.5(pi + pm)sxm (4.38)
(
∂p
∂y
)
i
=
1
Vi
l(i)∑
m=1
0.5(pi + pm)sym (4.39)
(
∂u
∂x
)
i
=
1
Vi
l(i)∑
m=1
0.5(ui + um)sxm (4.40)
(
∂v
∂y
)
i
=
1
Vi
l(i)∑
m=1
0.5(vi + vm)sym (4.41)
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(
∂u
∂y
)
i
=
1
Vi
l(i)∑
m=1
0.5(ui + um)sym (4.42)
(
∂v
∂x
)
i
=
1
Vi
l(i)∑
m=1
0.5(vi + vm)sxm (4.43)
The second order derivatives can be written as
(
∂
∂x
(
(ν + νˆfv1)
∂u
∂x
))
i
=
1
Vi
l(i)∑
m=1
0.5
(
(νi + νˆifv1)
(
∂u
∂x
)
i
+ (νm + νˆmfv1)
(
∂u
∂x
)
m
)
sxm
(4.44)
(
∂
∂y
(
(ν + νˆfv1)
∂v
∂y
))
i
=
1
Vi
l(i)∑
m=1
0.5
(
(νi + νˆifv1)
(
∂v
∂y
)
i
+ (νm + νˆmfv1)
(
∂v
∂y
)
m
)
sym
(4.45)
(
∂
∂x
(
(ν + νˆfv1)
∂u
∂y
))
i
=
1
Vi
l(i)∑
m=1
0.5
(
(νi + νˆifv1)
(
∂u
∂y
)
i
+ (νm + νˆmfv1)
(
∂u
∂y
)
m
)
sxm
(4.46)
(
∂
∂y
(
(ν + νˆfv1)
∂v
∂x
))
i
=
1
Vi
l(i)∑
m=1
0.5
(
(νi + νˆifv1)
(
∂v
∂x
)
i
+ (νm + νˆmfv1)
(
∂v
∂x
)
m
)
sym .
(4.47)
where Vi is the volume surrounding the node i. All values in equations (4.38) to
(4.47) are at the time level n.
• Step 5 : Use MPDATA to obtain the explicit part of the solution uexp, vexp
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uexp = MPDATA(u˜, u
n+1/2) (4.48)
vexp = MPDATA(v˜, v
n+1/2) (4.49)
• Step 6 : Use the conjugate residual method (3.5) to find the implicit part of the so-
lution pn+1 of the Poisson equation (4.17) and subsequently calculate ∂p
∂x
n+1
, ∂p
∂y
n+1
from equations (4.38) (4.39) taken at the time level n+1.
In equation (4.17), the derivatives are executed in the analogous way to the
equations (4.38) (4.39) and
(
∂2p
∂x2
)
i
=
1
Vi
l(i)∑
m=1
0.5
((
∂p
∂x
)
i
+
(
∂p
∂x
)
m
)
sxm (4.50)
(
∂2p
∂y2
)
i
=
1
Vi
l(i)∑
m=1
0.5
((
∂p
∂y
)
i
+
(
∂p
∂y
)
m
)
sym . (4.51)
The derivatives for the explicit components of velocity can be written as :
(
∂uexp
∂x
)
i
=
1
Vi
l(i)∑
m=1
0.5(uexpi + uexpm)sxm (4.52)
(
∂vexp
∂y
)
i
=
1
Vi
l(i)∑
m=1
0.5(vexpi + vexpm)sym (4.53)
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• Step 7 : Update the velocities in equations (4.5), (4.6) for the node i
un+1i = uexp − 0.5δt
(
∂p
∂x
)n+1
i
(4.54)
vn+1i = vexp − 0.5δt
(
∂p
∂y
)n+1
i
. (4.55)
• Step 8 : Proceed to the next time step
For the laminar flow, the Reynolds stresses τxxt , τyyt , τxyt , τyxt , in equations (4.33),
(4.34), (4.35) in the Step 3, becomes zero.
4.4 NFT MPDATA procedure for three dimensional
case
In this section, the NFT MPDATA procedure followed for solving the three dimensional
incompressible Navier-Stokes equations are summarised.
• Step 1 : Evaluate the values of un+1/2, vn+1/2, wn+1/2
u
n+1/2
i = 1.5u
n
i − 0.5un−1i (4.56)
v
n+1/2
i = 1.5v
n
i − 0.5vn−1i (4.57)
w
n+1/2
i = 1.5w
n
i − 0.5wn−1i (4.58)
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• Step 2 : Find the auxiliary variables
u˜i = u
n
i + 0.5δt
(
∂p
∂x
)n
i
+ δt
(
∂
∂x
(τxx) +
∂
∂y
(τxy) +
∂
∂z
(τxz)
)n
i
(4.59)
v˜i = v
n
i + 0.5δt
(
∂p
∂y
)n
i
+ δt
(
∂
∂x
(τyx) +
∂
∂y
(τyy) +
∂
∂z
(τyz)
)n
i
(4.60)
w˜i = w
n
i + 0.5δt
(
∂p
∂z
)n
i
+ δt
(
∂
∂x
(τzx) +
∂
∂y
(τzy) +
∂
∂z
(τzz)
)n
i
(4.61)
here
τxx = ν
(
∂u
∂x
+
∂u
∂x
)n
i
τyy = ν
(
∂v
∂y
+
∂v
∂y
)n
i
τzz = ν
(
∂w
∂z
+
∂w
∂z
)n
i
τxy = τyx = ν
(
∂u
∂y
+
∂v
∂x
)n
i
τxz = τzx = ν
(
∂u
∂z
+
∂w
∂x
)n
i
τzy = τyz = ν
(
∂w
∂y
+
∂v
∂z
)n
i
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The additional derivatives to those exposed for two-dimensional solution can be
written as
(
∂p
∂z
)
i
=
1
Vi
l(i)∑
m=1
0.5(pi + pm)szm (4.62)
(
∂u
∂z
)
i
=
1
Vi
l(i)∑
m=1
0.5(ui + um)szm (4.63)
(
∂v
∂z
)
i
=
1
Vi
l(i)∑
m=1
0.5(vi + vm)szm (4.64)
(
∂w
∂x
)
i
=
1
Vi
l(i)∑
m=1
0.5(wi + wm)sxm (4.65)
(
∂w
∂y
)
i
=
1
Vi
l(i)∑
m=1
0.5(wi + wm)sym (4.66)
(
∂w
∂z
)
i
=
1
Vi
l(i)∑
m=1
0.5(wi + wm)szm (4.67)
(
∂
∂x
(
ν
∂u
∂z
))
i
=
1
Vi
l(i)∑
m=1
0.5
(
νi
(
∂u
∂z
)
i
+ νm
(
∂u
∂z
)
m
)
sxm (4.68)
(
∂
∂y
(
ν
∂v
∂z
))
i
=
1
Vi
l(i)∑
m=1
0.5
(
νi
(
∂v
∂z
)
i
+ νm
(
∂v
∂z
)
m
)
sym (4.69)
(
∂
∂z
(
ν
∂u
∂z
))
i
=
1
Vi
l(i)∑
m=1
0.5
(
νi
(
∂u
∂z
)
i
+ νm
(
∂u
∂z
)
m
)
szm (4.70)
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(
∂
∂z
(
ν
∂v
∂z
))
i
=
1
Vi
l(i)∑
m=1
0.5
(
νi
(
∂v
∂z
)
i
+ νm
(
∂v
∂z
)
m
)
szm (4.71)
(
∂
∂x
(
ν
∂w
∂x
))
i
=
1
Vi
l(i)∑
m=1
0.5
(
νi
(
∂w
∂x
)
i
+ νm
(
∂w
∂x
)
m
)
sxm (4.72)
(
∂
∂y
(
ν
∂w
∂y
))
i
=
1
Vi
l(i)∑
m=1
0.5
(
νi
(
∂w
∂y
)
i
+ νm
(
∂w
∂y
)
m
)
sym (4.73)
(
∂
∂z
(
ν
∂w
∂z
))
i
=
1
Vi
l(i)∑
m=1
0.5
(
νi
(
∂w
∂z
)
i
+ νm
(
∂w
∂z
)
m
)
szm (4.74)
• Step 3 : Use MPDATA to obtain the explicit part of the solution uexp, vexp , wexp
uexp = MPDATA(u˜, u
n+1/2) (4.75)
vexp = MPDATA(v˜, v
n+1/2) (4.76)
wexp = MPDATA(w˜, w
n+1/2) (4.77)
• Step 4 : Use the conjugate residual method (3.5) to find the implicit part of the
solution pn+1 of the Poisson equation which for three dimension becomes
(
∂2p
∂x2
+
∂2p
∂y2
+
∂2p
∂z2
)n+1
− 2
δt
(
∂uexp
∂x
+
∂vexp
∂y
+
∂wexp
∂z
)
= 0 (4.78)
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Subsequently calculate ∂p
∂x
n+1
, ∂p
∂y
n+1
, ∂p
∂z
n+1
from equations (4.38) (4.39) (4.62)
taken at the time level n+1.
The pressure derivatives are executed according to the equations (4.40) (4.41)
(4.62) and the second order derivatives according to (4.50) (4.51) and
(
∂2p
∂z2
)
i
=
1
Vi
l(i)∑
m=1
0.5
((
∂p
∂z
)
i
+
(
∂p
∂z
)
m
)
szm . (4.79)
The derivatives for the explicit components of velocity can be written as :
(
∂uexp
∂x
)
i
=
1
Vi
l(i)∑
m=1
0.5(ui + um)(exp)sxm (4.80)
(
∂vexp
∂y
)
i
=
1
Vi
l(i)∑
m=1
0.5(vi + vm)(exp)sym (4.81)
(
∂wexp
∂z
)
i
=
1
Vi
l(i)∑
m=1
0.5(vi + vm)(exp)szm . (4.82)
• Step 5 : Update the velocities for the node i
un+1i = uexp − 0.5δt
(
∂p
∂x
)n+1
i
(4.83)
vn+1i = vexp − 0.5δt
(
∂p
∂y
)n+1
i
(4.84)
wn+1i = wexp − 0.5δt
(
∂p
∂z
)n+1
i
. (4.85)
• Step 6 : Proceed to the next time step.
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Generalisation for turbulent flows can be implemented in the way analogous to
two dimensional implementation. Here the three dimensional form of Spalart-Allmaras
turbulence model has been considered.
∂νˆ
∂t
+ u
∂νˆ
∂x
+ v
∂νˆ
∂y
+ w
∂νˆ
∂z
= R (4.86)
where
R = cb1Ωˆνˆ +
1
σ
(
∂
∂x
[
(ν + νˆ)
∂νˆ
∂x
]
+ cb2
∂νˆ
∂x
∂νˆ
∂x
)
+
1
σ
(
∂
∂y
[
(ν + νˆ)
∂νˆ
∂y
]
+ cb2
∂νˆ
∂y
∂νˆ
∂y
)
+ +
1
σ
(
∂
∂z
[
(ν + νˆ)
∂νˆ
∂z
]
+ cb2
∂νˆ
∂z
∂νˆ
∂z
)
− cb1fw
(
νˆ
d
)2
.(4.87)
The NFT template can be written as
νˆn+1 = UPWIND (ν˜,Vn) (4.88)
where
ν˜ = νˆn + δtRn
The turbulent viscosity can be obtained from
νt = fv1νˆ (4.89)
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The Reynolds stresses are calculated using the turbulent viscosity (4.89) and the
corresponding Reynolds stresses are added with the viscous stresses in equations (4.59),
4.60), (4.61) similar to the two dimensional procedure.
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Two dimensional benchmark
calculations
The two dimensional NFT MPDATA fluid solver for incompressible viscous flow im-
plementation is verified with the standard test cases. The tests are conducted for in-
compressible laminar and turbulent flow conditions. The results obtained are validated
against experimental and computational data available from the literature. Thereafter
when the text refers to a fluid it is meant as an incompressible fluid.
5.1 Lid driven cavity flow
Lid driven cavity flow is one of the test cases considered for the validation of the two
dimensional NFT MPDATA as it is one of the classical problems for the assessment of
numerical methods and validation of the Navier-Stokes equations. Reynolds numbers
100, 400 and 1000 are considered here.
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Figure 5.1: Lid driven cavity flow computational domain configuration with
dimensions and boundary conditions
5.1.1 Problem definition
A square domain of dimension 100 X 100 as shown in figure (5.1) is considered. The
line diagram of the lid driven cavity flow with the boundary condition is shown in the
figure (5.1). At the top, u = 1 and v = 0 is assumed and non-slip (u = 0 and v = 0)
boundary condition is assumed on the remaining boundaries. The residuals of pressure
gradients normal to all boundaries are considered to be zero. The Reynolds number is
calculated based on the cavity width and lid driven velocity. The mesh point spacing
and the number of nodes are chosen to be similar with the work by Ghia et al. [40].
The Cartesian mesh shown in the figure (5.2) has been used with the point spacing of
0.76923 X 0.76923 in x and y directions. The mesh consists of 17161 nodes and 33540
edges. The closer view of the mesh is shown in the figure (5.3).
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Figure 5.2: 100 X 100 square lid driven computational cavity mesh
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Figure 5.3: Closer view of 100 X 100 square lid driven the cavity computational mesh
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5.1.2 Results and discussion
In this section, the results obtained from the simulation of cavity flow for the Reynolds
numbers 100,400 and 1000 are discussed. The results obtained from the simulations
are in good agreement with the other similar available work from the literature. For
comparison the work by Ghia et al. [40], Burgraff [15], Bercovier [10], Donea [28] on
the two dimensional incompressible cavity flow has been considered. The center line u
and v velocity profile for the Reynolds numbers 100, 400 and 1000 are plotted along
the values from Ghia et al. as shown in the figures (5.4) (5.5) (5.6). The velocity
profiles from the present simulations are in good agreement with those available in the
literature.
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Figure 5.4: Center line u and v velocity profiles along vertical and horizontal lines of
lid driven cavity flow for Reynolds number 100
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Figure 5.5: Center line u and v velocity profiles along vertical and horizontal lines of
lid driven cavity flow for Reynolds number 400
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Figure 5.6: Center line u and v velocity profiles along vertical and horizontal lines of
lid driven cavity flow for Reynolds number 1000
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The numerical values of the maximum u velocity component, maximum and mini-
mum v component velocity for the Reynolds numbers 100, 400 and 1000 are shown in
the tables (5.1), (5.2), (5.3) respectively.
NFT MPDATA Ghia et al. [40]
u min -0.196 -0.2109
v max 0.172 0.17527
v min -0.2429 -0.24533
Table 5.1: Maximum and minimum velocities for Reynolds number 100
Min-Minimum, Max-Maximum
NFT MPDATA Ghia et al. [40]
u min -0.318 -0.32726
v max 0.294 0.30203
v min -0.446 -0.44993
Table 5.2: Maximum and minimum velocities for Reynolds number 400
NFT MPDATA Ghia et al. [40]
u min -0.368 -0.3828
v max 0.357 0.370
v min -0.502 -0.5155
Table 5.3: Maximum and minimum velocities for Reynolds number 1000
The midpoint of recirculation of the main eddy is also compared with the values re-
ported in the literature [15] [10] [28]. The values obtained from the present simulations
for the Reynolds number 100, 400 and 1000 are in good agreement with the literature
as shown in the table (5.4).
The streamlines for the Reynolds numbers 100,400 and 1000 are shown in the figures
(5.7), (5.8), (5.9). Streamlines plotted here are represented by the trajectories available
in the plotting software. The initial trajectory points needs to be set by hand. For
all the Reynolds numbers considered u velocity and v velocity are calculated along the
vertical line and horizontal line respectively through the geometric center of cavity.
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As expected they show that as the Reynolds number increases, the midpoint of
recirculation of the main eddy moves towards the center of the cavity. The numerical
values of the midpoint of recirculation are provided in table (5.4). Furthermore it can
be noticed from the figures that the sizes of the secondary vortices increase as the
Reynolds number increases.
Re = 100 Re = 400 Re = 1000
NFT MPDATA (0.62,0.735) (0.554,0.604) (0.535,0.565)
Burgraff [15] (0.62,0.74) (0.57,0.61) (0.54,0.56)
Bercovier [10] (0.62,0.73) (0.56,0.61) -
Donea [28] - - (0.55,0.56)
Table 5.4: Midpoint of recirculation for main eddy
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Figure 5.7: Streamline pattern for primary and secondary vortices of lid driven cavity
flow for Reynolds number 100
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Figure 5.8: Streamline pattern for primary and secondary vortices of lid driven cavity
flow for Reynolds number 400
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Figure 5.9: Streamline pattern for primary and secondary vortices of lid driven cavity
flow for Reynolds number 1000
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5.2 Flow over circular cylinder
The flow over circular cylinder is considered next for the two-dimensional validation.
The flow over circular cylinder has been playing an important role in studies of vis-
cous, incompressible flow at different Reynolds numbers both experimentally and nu-
merically. The flow exhibits vast variety of behaviours for different Reynolds numbers
ranging from steady laminar through unsteady periodic laminar vortex shedding to
transitional and fully developed turbulent flows.
5.2.1 Review of flow over cylinder regimes
A detailed study of flow over cylinder regimes has been document by [11] [149] A brief
description is recalled here.
The flow regime behind the cylinder depends on Reynolds number. For Reynolds
numbers up to 40, the flow is considered to be laminar and steady. The boundary layer
separation starts at the Reynolds numbers of approximately 3 to 5, which results in
low symmetric counter-rotating vortices behind the cylinder. As the Reynolds number
increases the recirculation region increases linearly and the velocity profiles at the end
of the recirculation region exhibit self-similarity [35].
As the Reynolds number increases beyond 40, the flow becomes unsteady, which
is manifested by a periodic vortex shedding resulting in a Von-Karman vortex street.
The flow will remain laminar approximately up to Reynolds number of 150.
The Reynolds numbers ranging from 300 to 2 x 105 fell into so called sub-critical
range, where the separating boundary layers are still laminar along the cylinder surface
and transition into turbulence occurs in the near wake region due to the shear layer
instabilities. The transition will move closer to the cylinder as the Reynolds number
increases. The transition in the shear layers occurs very close to the separation points
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for the maximum Reynolds number at this range [79].
The Reynolds numbers between 2 x 105 and 3.5 x 106 are classified as being in a
critical range. In this range the base pressure behind the cylinder increases suddenly,
which results in the drop in the drag coefficient. The separating laminar boundary
layer along the cylinder surface transitions to turbulence and reattaches, then finally
separates again. The separation point moves towards the downstream side of the cylin-
der and width of the wake decreases. The drag coefficient decreases, as the Reynolds
number increases.
Once the Reynolds number crosses the critical range, the boundary layer transi-
tions to turbulence before separating and the Strouhal number remains approximately
constant [35] [58].
5.2.2 Past studies
Numerous studies have been carried out both experimentally and numerically for vortex
shedding flows.
The first paper on analytical solution for the flow over cylinder was published by
Thom [138] in 1928, based on integrating the equations for steady motion in two
dimensions for Reynolds number 10. Later he produced the solution for Reynolds
number 40 [139]. Subsequently it was found that these solutions are in good agreement
with the experiments by Taneda [136] who also showed the linear growth with Reynolds
number of the vortex pair behind the cylinder. One of the first numerical solutions
by integrating the time-dependent equations was given by Payne [90] for Reynolds
numbers of 40 and 100 and these were reinvestigated by Ingham [47].
The numerical solutions for the Reynolds numbers less than 500 were published
by Son and Hanratty [127] in 1969. During that period the numerical simulations
used much coarser meshes due to the lack of computer resources. Later with the
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advancement in computer technology, many papers on numerical solutions have been
published. Among those, the work by Braza et al. [7] and [59] is considered particularly
significant. In this work, the detailed evaluations of numerical results compared with
the experimental results are given. Lecointe et al. [59] used the same dimensions as
used by Braza et al.[7], to study the vortex shedding for the Reynolds number below
1000, whereas the Lecointe [59] used the finite volume method and stream function -
vorticity method by Braza [7].
The experimental work by Bloor[12], Tritton [143], Roshko [102] initially concen-
trated on the near wake region of the cylinder. In the experiment by Tritton [143] the
drag coefficient for Reynolds numbers less than 100 are measured. This experiment is
considered most extensive [144]. Photographs of the flow past cylinder were captured
by Taneda [136] during his experiments, showing the Reynolds number above which
the separation occurs and the length of the standing vortices behind the cylinder for
larger Reynolds numbers. Nishioka and Sato [81] worked experimentally on pressure
and velocity distribution on circular cylinder flow between Reynolds number 10 to 80.
5.2.3 Test case specification
The outline of the flow over cylinder computational domain used in this work, with
dimensions and boundary conditions are shown in the figure (5.10). A rectangular
domain of size 60D X 30D is considered and circle of diameter D is placed at the center
of the domain. At the inlet and outlet free stream velocity of u is assumed and v = 0.
At the remaining far field boundaries, slip boundary condition is assumed, where only
the tangential component of velocity is calculated and the normal component of the
velocity is assumed zero. The residuals of pressure gradients normal to all boundaries
are assumed to be zero [7].
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Figure 5.10: Outline of flow over cylinder domain configuration with dimensions and
boundary conditions
5.2.4 Mesh generation
Two types of primary meshes have been investigated in this study, a two dimensional
fully unstructured triangular mesh and a two-dimensional hybrid mesh made of quadri-
lateral layer of elements near the cylinder and triangular elements elsewhere.
The procedure followed in generating the mesh is discussed here. Before generating
the triangular mesh in the computational domain, a background mesh of 3-node tri-
angular elements which completely covers the solution domain of interest was created.
At each node of the background mesh, the required computational mesh spatial point
resolution is specified. Whenever a new element or point is introduced during mesh
generation, this background grid is interrogated to determine the desired size and shape
of generated elements. The background meshes are specified in such a way that, finer
mesh elements are generated near the cylinder and coarser away from the cylinder.
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Figure 5.11: Flow over cylinder computational mesh considered
For the fully triangular mesh the background mesh point resolution spacing of 0.17
X 0.17 is specified near the cylinder and the maximum point resolution spacing of 8.0 X
8.0 is specified away from the cylinder. For the hybrid mesh the minimum spacing near
the outer circle of unstructured mesh is 0.5 X 0.5 and the maximum spacing of 8.0 X
8.0 is specified near the boundaries. With the element size specified in the background
grid, the unstructured triangular mesh is generated using advancing front technique
[66] in the rectangular domain shown in figure (5.11).
The process starts by discretising each boundary curve. Nodes are placed on the
boundary curve components and then contiguous nodes are joined with straight line
segments. In the later stages of the generation process these segments will become
sides of some triangles. The length of these segments must therefore be consistent
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with the desired local distribution of mesh size. This operation is repeated for each
boundary curve in turn. The next stage consists of generating triangular planar faces.
For each two dimensional region or surface to be discretised all the edges produced
when discretising its boundary curves are assembled into the initial front. The relative
orientation of the curve components with respect to the surface must be taken into
account in order to find the correct orientation to the sides in the initial front.
The front is a dynamic data structure which changes continuously during the gen-
eration process. At the given time, the front contains the set of all the sides which are
currently available to form a triangular face. A side is selected from the front and a
triangular element is generated. This may involve creating a new node or simply con-
necting to an existing one. After the triangle has been generated, the front is updated
and the generation proceeds until the front is empty.
The triangular mesh generated for flow over cylinder problem is shown in the figure
(5.11). The closer display of meshes near the cylinder for the unstructured mesh and
hybrid mesh are shown in the figures (5.14) (5.16) respectively.
The cylinder is considered as a unit diameter and the domain is extended 30 unit
length in the upstream and in downstream directions. 152 mesh points represents the
geometry of circular cylinder.
A separate code has been written to generate hybrid mesh. The procedure followed
to generate the hybrid mesh is as follows
• A fully triangular mesh in the computational domain of size defined as shown
in figure (5.10) , with a circle of increased diameter to 4D has been generated
initially.
• Each node point generated on the 4D diameter circle is projected on the circum-
ference of the circle of diameter D.
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For the projection of the inner circle, first, the angle (θ) at which grid points
defining the outer circle oriented to the origin (center of the circle) is found from
the coordinates of outer circle grid points
Using the angle, by defining the inner circle diameter and the number of
segments required, all the grid points defining the outer circle is projected to
form the inner circle
• Knowing the coordinates of the inner circle and its segments, vertices of the outer
circle and inner circle are connected by radial and circumferential segments to
form a structured equidistant quadrilateral portion of a hybrid mesh as shown in
(5.15). 46 number of segments are used in circumferential direction.
The flags and data structure are assigned in such a way that, the information from
the structured mesh is passed on to unstructured mesh.
To refine the structured mesh to be finer near the cylinder and gradually coarser
away from the cylinder, one dimensional stretching function given by Fletcher [34] has
been used and the procedure is as follows.
Consider a η-coordinate line where, G and H are the end points as shown in the
figure (5.12). A normalised coordinate η∗ can be defined as
η∗ =
η − ηH
ηG − ηH (5.1)
where η = η(x, y) is the index vector ranging from ηG to ηH , such that 0 5 η∗ 5 1
as ηH 5 η 5 ηG
A point distribution along a η coordinate line can be given by the formula
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Figure 5.12: η coordinate line
x(η) =
∑
n
φn(s)xn (5.2)
where φn is the polynomial function defined over the entire interval ηH < η < ηG
such that it is zero everywhere except at the corresponding control points (or coordi-
nates) xG and xH . The simplest application of equation (5.2) is with no interior control
points, such that the distribution is just between the end points xG and xH (i.e. n=2).
Specifying the functions, φH(s) = 1− s and φG(s) = s , then
x(η) = (1− sx)xH + sxG (5.3)
Similarly when η∗ is calculated for y coordinates
y(η) = (1− sy)yH + syG. (5.4)
To define the nonlinear spacing of the mesh points the normalised coordinate ’sx’
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and ’sy’ must be defined. The hyperbolic tangent stretching function from Fletcher
[34] is used here, according to which, the stretching function ’s’ can be written as
s = Kη∗ + (1−K)
(
1− tanh[L(1− η
∗)]
tanhL
)
(5.5)
where s = sx when η
∗ (5.1) is calculated for x-coordinate and s = sy when η∗ (5.1) is
calculated for y-coordinate. Here K and L are parameters providing grid point control.
K effectively provides the slope of the distribution, s ' Kη∗ , close to η∗ = 0. L is
the damping factor that controls the departure from the linear s versus η∗ behaviour.
Large values of L result in large departures from linearity, see typical distribution in
figure (5.13).
K =1.8 
L = 2.0 
G H 
K = 0.9 
L =  2.0 
G H 
K = 0.1 
L =  2.0 
G H 
s = 1 s = 0 
Figure 5.13: Grid point distribution using stretching function equation
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The application of such stretching function is illustrated in figure (5.16) in the con-
text of this test case. After constructing the radial segments and joining the triangular
mesh to the cylinder, then the formula (5.3) and (5.4) is applied for every segment to
define point resolution in the normal direction of the cylinder. In the mesh used for
this calculations, K = 1.8 and L = 2.0 is used. The stretching function for the hybrid
mesh is selected in such a way that, there is a smooth transition from structured mesh
to unstructured mesh.
In summary, the procedure for obtaining the point distribution is as follows
• Begin with the angle θ = 0
• Calculate η∗ (5.1) using the x coordinate values of η, ηG, ηH . Here for x-
coordinates ηG = 5 and ηH = 20 are the radius of inner and outer circle re-
spectively, where η travels from ηG to ηH through each point between them.
For example when η = 5, η∗ becomes 1 and the value of stretching function(sx)
in the equation (5.5) becomes 1. This results x(η) (5.3) in the point xG, similarly
when η = 20, η∗ = 0 stretching function sx = 0 resulting x(η) in xH .
• Calculate η∗ using y coordinate values of η, ηG, ηH . Here ηG = ηH = 0 and
therefore sy =0, also y(η) = 0.
• Repeat the procedure for all θ values.
This results the equidistant quadrilateral mesh in the figure (5.15), finer near the
cylinder and coarser away from the cylinder as shown in figure (5.16). The numerical
routine is included in the Appendix A. The code included in the Appendix A is a
case specific numerical routine for 2D cylinder problem. For the fully unstructured
mesh used here, the minimum first node distance from the cylinder is 0.175 and for the
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hybrid mesh the distance of 0.185 is used. The total number of nodes for the hybrid
mesh are 38936 and for the triangular mesh the number of nodes are 39486.
For different Reynolds numbers, the flow exhibits a variety of behaviours behind the
cylinder, such as recirculation for the steady state case and periodic vortex shedding
as the flow becomes unsteady. In order to capture these, a finer mesh needs to be
considered near the cylinder. In this case, the mesh has been generated in such a way
that the mesh near the cylinder is fine enough to capture the effect occur in the vicinity
of cylinder and also considering coarser mesh away from the cylinder, where those effects
are less pronounced. This also results in significant saving in computational resources
as opposed to the fine mesh through out the domain. The chosen mesh as shown to
give mesh independent results.
Figure 5.14: Unstructured mesh near the cylinder
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Figure 5.15: Equidistant structured quadrilateral mesh near the cylinder
Figure 5.16: Structured mesh near the cylinder
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5.2.5 Results and discussion
The simulation of the test case have been carried out for both hybrid mesh and un-
structured mesh under laminar flow conditions. The Reynolds numbers considered are
20,40,80,100,200 and 300. The results are compared with the previous experimental
and numerical values available in literature [58] [143] [23] [35] [27] [16] [103] [150].
To check the quantitative accuracy of the results, the drag, lift coefficients and
Strouhal number are calculated. The drag and lift forces are integrated from the
values in mesh points on the surface of the circular cylinder.
The drag coefficient CD is calculated using the formula
CD =
FD
1
2
ρu2∞A
(5.6)
where FD is the drag force on the cylinder, calculated using the formula
FD = 2
∮ (
−pdx+ ν
[
2
∂u
∂x
dx+
(
∂u
∂y
+
∂v
∂x
)
dy
])
(5.7)
The corresponding formula for the lift coefficient CL can be given by
CL =
FL
1
2
ρu2∞A
(5.8)
Here u∞ is the total free stream velocity, Re is the Reynolds number, p is the
pressure, A is the diameter of the cylinder and the gradients of u, v velocity components
are integrated over the cylinder surface (In 2D, projected area is a line).
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where FL is the lift force, calculated using the formula
FL = 2
∮ (
−pdy + ν
[(
∂u
∂y
+
∂v
∂x
)
dx+ 2
∂v
∂y
dy
])
(5.9)
A dimensionless number used to measure the vortex shedding formed behind the
cylinder is the Strouhal number, defined as
St =
fD
u∞
(5.10)
where f is the frequency of the vortex shedding, calculated using the fast Fourier
transform of the periodic variation of the lift coefficient and D is the diameter of the
cylinder [35] [80] [64].
The pressure coefficient across the cylinder surface is also monitored for all the
cases. It is defined as
cp =
p− p∞
1
2
ρu2∞
(5.11)
where p∞ is the free stream value of pressure.
For all the cases, behaviour of the flow regimes for both unstructured mesh and
hybrid mesh are similar, even though the quantitative results show minor differences
between them. The differences will be highlighted later in the text.
For all the simulations considered here, the initial condition of u = 1 and v = 0
is assumed for the potential flow solution which subsequently serves as the initial
condition for the solution of Navier-Stokes equations. For the steady and unsteady cases
a constant time step (∆t) of 1.45 x 10−3 was used. The total time (t) of simulation
is shown at appropriate places. The u velocity mentioned in the texts refers to the
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Re = 20 Re=40
NFT MPDATA (unstructured mesh) 6 X 10−3 5.5 X 10−3
NFT MPDATA (hybrid mesh) 5 X 10−4 3 X 10−4
Table 5.5: Summary of lift coefficients for Reynolds number 20 and 40
velocity in x-coordinate direction.
The distributions of pressure coefficient across the x-axis for the Reynolds number
20, for the hybrid mesh and unstructured mesh is shown in the figure (5.17) and
(5.18). The pressure forces across the top and bottom surfaces of the cylinder being
equal results in symmetric recirculation behind the cylinder. Consequently, the lift
coefficient is approximately zero (in single precision), with the hybrid mesh providing
one order improvement over the unstructured mesh as shown in the table (5.5). The
history of drag and lift coefficient over the full time of simulation for the hybrid mesh
is shown in the figures (5.19) (5.20) and the figures (5.21) (5.22) represent the drag
and lift coefficient for unstructured mesh. For the hybrid and unstructured meshes, the
steady state was attained after about t = 130 s The u velocity contours for the hybrid
mesh and unstructured mesh are shown in the figures (5.23)(5.24). The recirculations
obtained behind the cylinder for both the meshes are shown in the figures (5.25)(5.26).
Table (5.5) summarises the lift coefficient of Reynolds numbers 20 and 40 for hybrid
and unstructured meshes.
The flow remains in the steady state for the Reynolds number 40 after about t =
130 s for both hybrid mesh and triangular mesh. The pressure coefficient distributions
for the hybrid mesh and unstructured mesh are shown in the figure (5.27) (5.28). The
drag and lift coefficient history for hybrid mesh and unstructured mesh are shown in
figures (5.29) (5.30) (5.31) (5.32). For the hybrid mesh, the steady state was attained
after about t = 125 s and for the triangular mesh the steady state was attained after
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about t = 150 s. The u velocity contours for the hybrid mesh and unstructured mesh
are shown in the figures (5.33)(5.34). The recirculation obtained behind the cylinder for
both the meshes are shown in the figures (5.35)(5.36). As expected, the recirculation
length increases as the Reynolds number increases.
Re = 20 Re = 40
L/D CD L/D CD
Tritton et al. [143] (E) - 2.22 - 1.48
Coutanceau et al.[23] (E) 0.73 - 1.89 -
Fornberg et al.[36] (N) 0.91 2.00 2.24 1.50
Le et al.[58] (N) 0.93 2.05 2.22 1.56
Dennis et al. [27] (N) 0.94 2.05 2.35 1.52
Calhoun et al. [16] (N) 0.91 2.19 2.18 1.62
Russell et al. [103] (N) 0.94 2.13 2.29 1.60
Ye et al. [150] (N) 0.92 2.03 2.27 1.52
NFT MPDATA(unstructured mesh) 0.90 2.07 2.25 1.53
NFT MPDATA(hybrid mesh) 0.90 2.08 2.25 1.55
Table 5.6: Comparison of the recirculation length and the drag coefficient for the
Reynolds number 20 and 40
L - Recirculation length, D - Diameter of the cylinder N - Numerical results, E -
Experimental results
The table (5.6) shows the comparison of the drag coefficient and the ratio recircu-
lation length over the diameter of the cylinder, for Reynolds numbers 20 and 40 with
the experimental and numerical values. Here L is the recirculation length and D is the
diameter of the cylinder.
The drag coefficient value obtained from the NFT MPDATA solver for Reynolds
numbers 20 and 40 is lower than the experimental drag coefficient value from Tritton
[143] and Coutanceau et al. [23]. The similar trend follows in the case of the recircu-
lation length. In comparison with the numerical results from the literature the drag
coefficient and recirculation length for the steady state case are very similar.
As mentioned before, the streamlines needs to be set by hand. The method used
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involved the specification of regular grid, initial locations placed on a vertical line,
which cuts midway through the wake of the cylinder. The resulting streamlines were
visualised and coordinates of intermediate starting locations were added manually to
improve the appearance of the visualisation and highlight key flow features in the
wake of the cylinder. Therefore the symmetry of the recirculation obtained from the
calculations, cannot be accurately reflected in the visual symmetry shown in the figures
(5.25) (5.26) (5.35) (5.36).
Between Reynolds numbers 40 and 50, the transition of the steady state to unsteady
state occurs. The lowest unsteady flow case considered here is Re = 80.
Re = 80 Re = 100
CD CL St CD CL St
Tritton et al. [143] (E) 1.29 0.15
Ye et al. [150] (N) 1.37 - 0.15
Park et al. [87] (N) 1.35 -
Silva et al. [64] (N) 1.40 - 0.15
Calhoun et al.[16] (N) 1.33 ± 0.014 ±0.298 0.175
Russell et al. [103] (N) 1.38 ± 0.007 ±0.300 0.169
Braza et al [7] (N) 1.36 ± 0.015 ±0.250 -
NFT MPDATA (U) 1.38 ± 0.005 ±0.25 0.15 1.325±0.01 ±0.325 0.164
NFT MPDATA (H) 1.35 ± 0.045 ±0.24 0.15 1.375±0.011 ±0.33 0.166
Table 5.7: Summary of results for Reynolds number 80 and 100
U- unstructured mesh, H-hybrid mesh N - Numerical results, E - Experimental
results
For the unsteady flow cases, the total time of simulation (t) for hybrid mesh and
unstructured mesh is t = 290 s
In the table (5.7) the drag and lift coefficients as well as Strouhal number obtained
for Reynolds numbers 80 and 100 are compared with other numerical and experimental
work. For the Reynolds number 80, in comparison with other numerical simulations
from literature, the drag coefficients obtained from the NFT MPDATA solver is very
close. The experimental drag coefficient [143] in comparison to other number sim-
85
5.2. Flow over circular cylinder
ulations is slightly higher. The Strouhal number obtained is the same as the values
obtained from numerical and experimental calculations. The Strouhal number obtained
for the Reynolds number 80 is the same as the experimental and numerical simulation
values as shown in the table (5.7). In comparison with the hybrid and unstructured
mesh, for the Reynolds number 80, the drag and lift coefficients are very similar. The
history of drag coefficient and lift coefficient for the hybrid mesh and unstructured
mesh is shown in the figures (5.37) (5.38). The u velocity contours are shown in the
figures (5.39) (5.40) and the corresponding pressure coefficient distribution across the
cylinder surface is shown in the figure (5.41) (5.42).
Reynolds number 80 falls in the region where the unsteady behaviour may be trig-
gered, and the exact behaviour of the flow, depends on the perturbation which triggers
the unsteady vortex shedding. Triangular mesh evokes more numerical perturbations
than the regular quadratic mesh, used in hybrid mesh case. This accounts for the
beginning of vortex shedding at t = 70s for being earlier than the triangular mesh,
where t = 80s. It is manifested by different phase as evident from the drag history
as shown in the figures (5.37)(5.38). This effect is less pronounced as the Reynolds
number increases.
For the Reynolds number 100, the table (5.7) shows the drag coefficient and lift
coefficient as well as Strouhal number. The values obtained are in good agreement
with the other numerical simulations. The hybrid mesh and unstructured mesh simu-
lations results are also similar. The drag and lift coefficient history for the hybrid and
unstructured mesh is shown in the figures (5.43) (5.44) and the u velocity contours are
shown in the figures (5.45) (5.46). For the hybrid mesh the periodic vortex shedding
starts approximately after the physical time of 55 and for the unstructured mesh, the
vortex shedding starts approximately after 60. The pressure coefficient distribution
for both the meshes, across the cylinder is shown in the figures (5.53) (5.54). For the
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Reynolds number 100 alone, the u velocity contours at different times for the hybrid
mesh are shown in the figures (5.47) (5.48) (5.49) (5.50) (5.51) (5.52). These show the
periodic vortex shedding at different times mentioned in the figures.
Re = 200 Re = 300
CD CL St CD CL St
Jeffrey et al. [48] (N) 1.33±0.04 ±0.68 0.196
Braza et al. [7] (N) 1.40±0.05 ±0.75 -
Calhoun et al.[16] (N) 1.17±0.058 ±0.67 0.202 1.62
Russell et al. [103] (N) 1.26 ±0.026 ±0.47 0.192
Liu et al. [65] (N) 1.31±0.049 ±0.69 0.192
Park et al. [87] (N) 1.37 0.210
Ye et al. [150] (N) 1.38 0.203
NFT MPDATA (U) 1.35±0.045 ±0.69 0.198 1.36±0.0325 ±0.92 0.207
NFT MPDATA (H) 1.37±0.05 ±0.71 0.198 1.37±0.0475 ± 0.891 0.205
Table 5.8: Summary of results for Reynolds number 200 and 300
U- unstructured mesh, H-hybrid mesh N-Numerical results
The summary of values obtained for the Reynolds numbers 200 and 300 are shown
in the table (5.8). The drag and lift coefficients as well as Strouhal number, for the
Reynolds number 200, the NFT MPDATA solver for both hybrid mesh and unstruc-
tured mesh are well within the range of values obtained from other numerical simu-
lations [16] [48] [7] [103] [65]. The drag and lift coefficient histories are shown in the
figure (5.55) (5.56). For both the hybrid and unstructured meshes, the periodic vortex
shedding starts approximately after the time of 25s. The u velocity contours for the
hybrid and unstructured mesh is shown in the figure (5.57) (5.58) and the pressure
coefficient distribution curve is shown in the figures (5.59) (5.60).
For the Reynolds number 300, the drag and lift coefficient over the total time of
simulation, for hybrid and unstructured mesh is shown in the figure (5.61) (5.62) and
the u velocity contours are shown in the figures (5.63) (5.64). For both the hybrid
and unstructured meshes, the periodic vortex shedding starts approximately after the
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time of 25s. The values obtained from the NFT MPDATA solver for both hybrid and
unstructured mesh are well with the range of values obtained from the literature as
shown in the table (5.8). The pressure coefficient distribution across the cylinder for
hybrid and unstructured mesh is shown in the figure (5.65) (5.66).
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Figure 5.17: Pressure coefficient on the cylinder surface at t = 290s, for the flow over
the circular cylinder at Reynolds number 20 for hybrid mesh
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Figure 5.18: Pressure coefficient on the cylinder surface at t = 290s, for the flow over
the circular cylinder at Reynolds number 20 for unstructured mesh
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Figure 5.19: Drag coefficient history of flow over the circular cylinder at Reynolds
number 20, for the total time period of simulation for hybrid mesh
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Figure 5.20: Lift coefficient history of flow over the circular cylinder at Reynolds
number 20, for the total time period of simulation for hybrid mesh
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Figure 5.21: Drag coefficient history of flow over the circular cylinder at Reynolds
number 20, for the total time period of simulation for unstructured mesh
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Figure 5.22: Lift coefficient history of flow over the circular cylinder at Reynolds
number 20, for the total time period of simulation for unstructured mesh
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Figure 5.23: Instantaneous u velocity contours at t = 290s for the flow over the
circular cylinder at Reynolds number 20 for hybrid mesh
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Figure 5.24: Instantaneous u velocity contours at t = 290s for the flow over the
circular cylinder at Reynolds number 20 for unstructured mesh
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Figure 5.25: Instantaneous streamlines at t = 290s for the flow over the circular cylinder
at Reynolds number 20 for hybrid mesh
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Figure 5.26: Instantaneous streamlines at t = 290s for the flow over the circular
cylinder at Reynolds number 20 for unstructured mesh
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Figure 5.27: Pressure coefficient on the cylinder surface at t = 290s, for the flow over
the circular cylinder at Reynolds number 40 for unstructured mesh
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Figure 5.28: Pressure coefficient on the cylinder surface at t = 290s, for the flow over
the circular cylinder at Reynolds number 40 for unstructured mesh
94
5.2. Flow over circular cylinder
Time
D
ra
g
Co
e
ffi
ci
e
n
t
0 50 100 150 200 250 3001
1.5
2
2.5
3
3.5
4
Figure 5.29: Drag coefficient history of flow over the circular cylinder at Reynolds
number 40, for the total time period of simulation for hybrid mesh
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Figure 5.30: Lift coefficient history of flow over the circular cylinder at Reynolds
number 40, for the total time period of simulation for hybrid mesh
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Figure 5.31: Drag coefficient history of flow over the circular cylinder at Reynolds
number 40, for the total time period of simulation for unstructured mesh
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Figure 5.32: Lift coefficient history of flow over the circular cylinder at Reynolds
number 40, for the total time period of simulation for unstructured mesh
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Figure 5.33: Instantaneous u velocity contours at t = 290s for the flow over the
circular cylinder at Reynolds number 40 for hybrid mesh
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Figure 5.34: Instantaneous u velocity contours at t = 290s for the flow over the
circular cylinder at Reynolds number 40 for unstructured mesh
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Figure 5.35: Instantaneous streamlines at t = 290s for the flow over the circular
cylinder at Reynolds number 40 for hybrid mesh
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Figure 5.36: Instantaneous streamlines at t = 290s for the flow over the circular
cylinder at Reynolds number 40 for unstructured mesh
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Figure 5.37: Drag and lift coefficient history for flow over the circular cylinder at
Reynolds number 80 for hybrid mesh from t = 0 to 290s
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Figure 5.38: Drag and lift coefficient history for flow over the circular cylinder at
Reynolds number 80 for unstructured mesh from t = 0 to 290s
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Figure 5.39: Instantaneous u velocity contours at t = 290s for flow over cylinder at
Reynolds number 80 for hybrid mesh
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Figure 5.40: Instantaneous u velocity contours at t = 290s for flow over cylinder at
Reynolds number 80 for unstructured mesh
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Figure 5.41: Pressure coefficient on the cylinder surface of flow over the circular
cylinder at Reynolds number 80 at t = 290s for hybrid mesh
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Figure 5.42: Pressure coefficient on the cylinder surface of flow over the circular
cylinder at Reynolds number 80 at t = 290s for unstructured mesh
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Figure 5.43: Drag and lift coefficient history for flow over the circular cylinder at
Reynolds number 100 for hybrid mesh from t = 0 to 290 s
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Figure 5.44: Drag and lift coefficient history for flow over the circular cylinder at
Reynolds number 100 for unstructured mesh from t = 0 to 290 s
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Figure 5.45: Instantaneous u velocity contours at t = 290 s for flow over cylinder at
Reynolds number 100 for hybrid mesh
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Figure 5.46: Instantaneous u velocity contours at t = 290s for flow over cylinder at
Reynolds number 100 for unstructured mesh
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Figure 5.47: Instantaneous u velocity contours at t = 233s for flow over cylinder at
Reynolds number 100 for hybrid mesh
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Figure 5.48: Instantaneous u velocity contours at t = 240 s for flow over cylinder at
Reynolds number 100 for hybrid mesh
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Figure 5.49: Instantaneous u velocity contours at t = 247s for flow over cylinder at
Reynolds number 100 for hybrid mesh
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Figure 5.50: Instantaneous u velocity contours at t = 254s for flow over cylinder at
Reynolds number 100 for hybrid mesh
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Figure 5.51: Instantaneous u velocity contours at t = 261s for flow over cylinder at
Reynolds number 100 for hybrid mesh
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Figure 5.52: Instantaneous u velocity contours at t = 268s for flow over cylinder at
Reynolds number 100 for hybrid mesh
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Figure 5.53: Pressure coefficient on the cylinder surface for flow over the circular
cylinder at Reynolds number 100 at t =290s for hybrid mesh
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Figure 5.54: Pressure coefficient on the cylinder surface for flow over the circular
cylinder at Reynolds number 100 at t =290s for unstructured mesh
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Figure 5.55: Drag and lift coefficient history for flow over the circular cylinder at
Reynolds number 200 for hybrid mesh from t = 0 to 290s
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Figure 5.56: Drag and lift coefficient history for flow over the circular cylinder at
Reynolds number 200 for unstructured mesh from t = 0 to 290s
108
5.2. Flow over circular cylinder
x
y
-50 0 50 100 150-100
-80
-60
-40
-20
0
20
40
60
80
100
1.2
1.1
1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0
-0.1
u m/s
Figure 5.57: Instantaneous u velocity contours at t = 290s for the flow over circular
cylinder at Reynolds number 200 for hybrid mesh
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Figure 5.58: Instantaneous u velocity contours at t = 290s for the flow over circular
cylinder at Reynolds number 200 for unstructured mesh
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Figure 5.59: Pressure coefficient on the cylinder surface for flow over the circular
cylinder at Reynolds number 200 at t =290s for hybrid mesh
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Figure 5.60: Pressure coefficient on the cylinder surface for flow over the circular
cylinder at Reynolds number 200 at t =290s for unstructured mesh
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Figure 5.61: Drag and lift coefficient history for flow over the circular cylinder at
Reynolds number 300 for hybrid mesh from t = 0 to 290s
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Figure 5.62: Drag and lift coefficient history for flow over the circular cylinder at
Reynolds number 300 for unstructured mesh from t = 0 to 290s
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Figure 5.63: Instantaneous u velocity contours at t = 290s for the flow over the
circular cylinder at Reynolds number 300 for hybrid mesh
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Figure 5.64: Instantaneous u velocity contours at t = 290s for the flow over the
circular cylinder at Reynolds number 300 for unstructured mesh
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Figure 5.65: Pressure coefficient on the cylinder surface for flow over the circular
cylinder at Reynolds number 300 at t =290s for hybrid mesh
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Figure 5.66: Pressure coefficient on the cylinder surface for flow over the circular
cylinder at Reynolds number 300 at t =290s for unstructured mesh
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5.3 Turbulent flow over the circular cylinder
Spalart-Allmaras one equation turbulence model (2.17) has been implemented in the
NFT MPDATA solver. For the validation of the turbulence model, turbulent flow over
the cylinder test case was considered. The Reynolds numbers investigated here are
3900 and 10000. The results obtained from these simulations are compared with the
numerical and experimental values available from the literature. The dimensions and
boundary conditions remain same as specified in the laminar flow over the cylinder case
in the section (5.2.3). Hybrid mesh has been used and the meshes only in the vicinity
of the cylinder are refined further to capture the transient features of the problem.
The stretching function parameter of K = 4.0 and L = 2.0 defined in section (5.2.4)
is used here and the number of circumferential segments is increased to 60. The mesh
has been chosen after several trials. The first node point is at distance of 0.03 from
the cylinder. The total number of nodes is 41978. The time step(∆t) considered for
Reynolds numbers 3900 and 10000 is 1.45 X 10−4 and the total time of simulation is
1450 seconds.
At the inlet and outlet the working viscosity variable νˆ is assumed as 5ν, where ν
is the laminar viscosity. At the wall, the working viscosity variable is assumed zero.
The initial condition for νˆ is assumed as 2 x ν [128].
5.3.1 Results and discussions
The simulations are carried out for the Reynolds numbers 3900 and 10000. For val-
idation, the drag and lift coefficients as well as Strouhal number are calculated and
compared with the other values available in literature [9] [86] [134] [105] [88] [56] [82].
Table (5.9) summarises the drag coefficient and Strouhal number obtained from the
present simulation and values from literature.
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Drag coefficient Strouhal number Turbulence model used
NFT MPDATA 1.285 ± 0.155 0.1965 Spalart-Allmaras
Tamura [134] 1.6 - Third order upwind
Pannerselvam [86] 1.3 0.181 LES
Benmin [9] [1.65 - 0.5] - Spalart-Allmaras
Nithiarasu [82] 1.35 0.167 Spalart-Allmaras
DNS [30] [1.1-1.2] [0.19-0.21]
Experiments [29] [84] 1.19 [0.19-0.20]
Table 5.9: Summary of results for turbulent flow over the circular cylinder at
Reynolds number 10000
The pressure coefficient along the cylinder surface is shown in the figure (5.67).
Figures (5.68) and (5.69) show the convergence history of the drag and lift coefficients
respectively for Reynolds number 10000. The drag coefficient obtained from the present
simulation is 1.285 ± 0.155. When compared to the other numerical simulations, the
values are in agreeable range as shown in the table (5.9) along with the Strouhal num-
ber. The average experimental value of drag coefficient is 1.19 [29] [84] which is 9%
lower than the present simulation. It is observed that the drag coefficient obtained
from the two dimensional simulations are higher compared to the experimental values,
as reported in [86] [134] [82]. On the other hand the drag coefficient reported in [134]
overpredicts the drag coefficient by 30 %.
High drag coefficient values are due to the presence of secondary vortices in 2D
simulations which lead to the higher suction in the wake, whereas the secondary vortices
are absent in case of 3D simulations and experiment, because the spanwise velocities
are allowed [134]. Also the presence of the spanwise fluctuations and the streamwise
component of vorticity in the 3D simulations has a significant effect in the total stress
components in the wake. This affects the pressure coefficient distribution and hence
the drag on the body. The u velocity contours for the Reynolds number 10000 are
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shown in the figure (5.70) at t = 1450 seconds.
Drag coefficient Strouhal number Turbulence model used
NFT MPDATA 1.27 ± 0.165 0.229 Spalart-Allmaras
Patrick et al. [8] 1.30 0.25 Spalart-Allmaras
Young et al. [151] [1.25 - 1.37] 0.23 LES
Panguluri [85] [1.297] 0.28 Spalart-Allmaras
Experiments [83] 0.98 0.210
Table 5.10: Summary of results for turbulent flow over the circular cylinder at
Reynolds number 3900
Simulations are also carried out for the Reynolds number 3900. The pressure coef-
ficient along the cylinder surface is shown in the figure (5.71). The u velocity contours
are shown in the figure (5.72). The drag and lift coefficient convergence with respect
to the physical time is shown in the figures (5.73) (5.74). The drag coefficient obtained
from the present simulation is 1.27 ± 0.165. which compares well with the other two
dimensional numerical simulations [85] [8] [151] as shown in the table (5.10). The
experimental solution reported for the drag coefficient is 0.98 ± 0.05 [83]. The over-
prediction of the drag coefficient is due to the two dimensional effects as mentioned in
the case of Reynolds number 10000. Strouhal number is in good agreement with other
computations and experiments.
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Figure 5.67: Turbulent flow over the circular cylinder at Re 10000, Pressure
coefficient on the cylinder surface at t = 1450s
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Figure 5.68: Drag coefficient history for the turbulent flow over the circular cylinder
at Reynolds number 10000 from t = 0 to 1450s
117
5.3. Turbulent flow over the circular cylinder
Time
Li
ft
Co
e
ffi
ci
e
n
t
0 500 1000 1500-5
-4
-3
-2
-1
0
1
2
3
4
5
Figure 5.69: Lift coefficient history for the turbulent flow over the circular cylinder at
Reynolds number 10000 from t = 0 to 1450s
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Figure 5.70: Instantaneous u velocity contours at t = 1450s for the turbulent flow
over the circular cylinder at Reynolds number 10000
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Figure 5.71: Turbulent flow over the circular cylinder at Reynolds number 3900,
Pressure coefficient on the cylinder surface at t = 1450s
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Figure 5.72: Instantaneous u velocity contours at t = 1450s for the turbulent flow
over the circular cylinder at Reynolds number 3900
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Figure 5.73: Drag coefficient history for the turbulent flow over the circular cylinder
at Reynolds number 3900 from t = 0 to 1450s
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Figure 5.74: Lift coefficient history for the turbulent flow over the circular cylinder at
Reynolds number 3900 from t = 0 to 1450s
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Chapter 6
Three dimensional benchmark
calculation-Laminar flow past a
sphere
6.1 Introduction
The two dimensional NFT MPDATA incompressible flow solver have been extended to
the three dimensions. A laminar flow past a sphere have been selected for validating
the three dimensional code.
The viscous flow past a stationary sphere exhibits the transition and separation
phenomena, similarly to the two dimensional flow past cylinder test case. The flow
past a sphere has been under numerous experimental and numerical investigations [50]
[106] [135] [1] [110] [111] [2] [52] [67] [54] [36] [77].
As per the experimental investigation by Taneda [135], for the Reynolds numbers
less than 20, no separation occurs. At Reynolds number of approximately 24 , sepa-
ration from the rear of sphere was observed, which results in generation of an axisym-
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metric vortex ring. Between Reynolds numbers 24 to 210 the flow remains steady and
the symmetric recirculation behind the sphere was observed. The non-axisymmetric
behaviour of the vortex was observed in the range of Reynolds number 210 < Re <
270. For the Reynolds number greater than 280, the vortex shedding becomes more
irregular and the wake structure becomes chaotic. The investigations of the flow past
the sphere study by Taneda [135] includes understanding of vortex shedding mecha-
nisms, measurements of frequencies in the wake, and parameters such as drag, lift and
pressure coefficient distribution around the sphere.
Forenberg [36] documented an extensive numerical study of flow past a sphere for
steady state axisymmetric case, where the variation of wake length and separation
angle to the Reynolds numbers was reported. In spherical coordinates Johnson and
Patel [50] investigated flows up to Reynolds number 300 using finite volume schemes
on a curvilinear grid. The effect of rotation of sphere is reported by Kim and Choi [54]
for the Reynolds numbers 100,250 and 300 using the immersed boundary method.
For Reynolds numbers ranging between 350 to 375, the numerical simulation by
Mittal [76] reported the loss of planar symmetry and periodicity. Tomboulides et al.
[142] reported the same behaviour for the Reynolds number of 500.
6.2 Test case specification
The outline of the flow past sphere computational domain is shown in the figure (6.1)
along with the dimensions and boundary conditions. The domain of size 20D X 20D
X 20D is considered where D is the diameter of the sphere, placed at the center of the
domain. At the inlet and outlet, free stream velocity of u = 1 v = 0 , w = 0, is assumed
for the boundary conditions. The same free stream velocity values are taken as the
initial condition for the potential flow solution, which subsequently serves as the initial
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Figure 6.1: Flow past sphere schematic diagram with dimensions and boundary
conditions in the x-y plane and x-z plane
condition for the solution of Navier-Stokes equations. Here u,v,w are the velocities at
x, y and z coordinate directions. At the remaining far field boundaries, slip boundary
condition is assumed, where only the tangential component of velocity is calculated
and the normal component of the velocity is assumed zero. The residuals of pressure
gradients normal to all boundaries are assumed to be zero. The time step (∆t) for
both the steady and unsteady case is 2.5 x 10−3. Absorbing boundaries are used inlet
and outlet with the length of 1.5D on each sides. The absorbers near the inlet and
outlet boundaries attenuate the solution toward free stream velocities with absorbing
coefficient increasing linearly from zero to the distance of 1.5D from the boundary to
150−1s−1 [125].
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6.3 Mesh generation
The cut section of the mesh in the x-y plane is shown in the figure (6.2) and closer
view of the mesh near the sphere in the x-y plane is shown in the figure (6.3) where
z=0.
With the radius of sphere taken as the unit length, the computational domain ex-
tends from 10 units in upstream and in downstream directions. The mesh consists of
190327 nodes. The prismatic mesh near the sphere is generated using the analogous
procedure followed for generating two dimensional hybrid mesh as mentioned in the
section 5.2.4. The tetrahedral mesh having sphere of diameter 1.5D at the center of
the domain is generated first. Then the prismatic mesh with the sphere diameter of
D is generated. The tetrahedral mesh is employed as the starting surface to generate
a prismatic mesh. This prismatic mesh covering the body surface is marched away
from the body in distinct steps, resulting in generation of structured prismatic layers
in marching directions. For the stretching function, the same method is followed as
the two dimensional case detailed in the section (5.2.4), here the parameters K = 1.8
and L = 2.0 is used and 10 segments are used in each radial direction.
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Figure 6.2: Cut section of the flow past sphere computational mesh in the x-y plane
at z = 0
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Figure 6.3: Closer view of the flow past sphere cut section computational mesh in x-y
plane at z = 0
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6.4 Results and discussions
Reynolds numbers 10,50,100,200 and 300 are considered for validation.
To validate the test case quantitatively, drag and lift coefficients across the sphere
are calculated, when the steady state is attained.
The drag coefficient can be written as
CD =
FD
1
2
ρu∞A
(6.1)
where A is the projected area of the sphere in to x ≡ 0 plane, FD is the drag force
which is the sum of pressure drag and skin friction drag can be written as
FD = 2
∮ (
−pnx + ν
[
2
∂u
∂x
nx +
(
∂u
∂y
+
∂v
∂x
)
ny +
(
∂u
∂z
+
∂w
∂x
)
nz
])
dA (6.2)
Similarly the lift coefficient can be written as
CL =
FL
1
2
ρu∞A
(6.3)
where A is the projected area of the sphere in to z ≡ 0 plane the lift force FL can
be written as
FL = 2
∮ (
−pnz + ν
[(
∂u
∂z
+
∂w
∂x
)
nx +
(
∂v
∂z
+
∂w
∂y
)
ny + 2
∂w
∂z
nz
])
dA (6.4)
Here u,v,w are the velocities at x,y,z directions respectively and nx, ny, nz are the
unit normal vectors along the x, y, z directions.
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The Strouhal number is calculated as
St =
fD
u∞
(6.5)
with D representing the diameter of the sphere.
As anticipated for the Reynolds number 10, no separation was observed as shown
in the figure (6.4) representing streamlines in the x-y plane through the center of the
sphere. The corresponding x-z plane shown in the figure (6.5) is analogous. The
pressure coefficient distribution in the x-y plane of the sphere is shown in the figure
(6.6) and in the x-z plane of the sphere is shown in the figure (6.7). The symmetry of
the flow is correctly preserved. As a result, the lift coefficient is approximately zero (in
single precision) as shown in the table (6.1).
Reynolds number Lift coefficient
10 4.5 X 10−4
50 3.2 X 10−3
100 9.2 X 10−3
200 5.5 X 10−2
Table 6.1: Summary of lift coefficients for the flow past sphere
The convergence of drag and lift coefficient history over the total time of simulation
is shown in the figures (6.8) (6.9). The drag coefficient attained for the present simu-
lation is well within the acceptable range of numerical simulation values shown in the
literature [111] [56] [133] as listed in the table (6.2). The u-velocity contours in the x-y
plane and x-z plane cut at the center of the sphere are given in the figures (6.10) (6.11).
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Reynolds number NFT MPDATA Shirayama [111] Schlichting [56] Tabata [133]
10 4.33 4.255 4.35 4.3178
50 1.58 1.532 1.61 1.5785
100 1.09 1.104 1.11 1.0895
200 0.783 0.784 0.807 0.77176
Table 6.2: Summary of drag coefficients for the flow past sphere
For the Reynolds number 50, separation was observed with the symmetric recircu-
lation behind the sphere in the x-y plane and x-z plane at the center of the sphere is
shown in (6.12) (6.13). The pressure coefficient distribution in the x-y plane and x-z
plane of the sphere is shown in the figures (6.14) (6.15). The drag coefficient is shown
in the table (6.2). The drag and lift coefficient histories are shown in the figure (6.16)
(6.17). The u-velocity contours in the x-y plane and x-z plane at the center of the
sphere are shown in the figures (6.18) (6.19). The drag coefficient obtained is almost
equal to the other numerical simulations as shown in the table (6.2).
Figures (6.20) (6.21) presents the recirculation behind the sphere in the x-y plane
cut and x-z plane cut respectively at the center of the sphere for Reynolds number
100. The pressure coefficient distribution in the x-y plane of the sphere is shown in
the figure (6.22) and x-z plane in the figure (6.23). The lift coefficient is approximately
zero (in single precision) as listed in the table (6.1). The convergence histories of drag
and lift coefficient are shown in the figures (6.24) (6.25). The drag coefficient for the
Reynolds number 100 is given in the table (6.2), which is well within the acceptable
range. The u-velocity contours are presented in the figures (6.26) (6.27).
The final steady state Reynolds number considered here is 200. The flow exhibits
similar behaviour as for the Reynolds numbers 10, 50, and 100. The recirculation
behind the sphere in the x-y plane and x-z plane cut at the center of the sphere is
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shown in the figures (6.28) (6.29) respectively. The pressure coefficient distribution in
the x-y plane cut and in the x-z plane cut is given in the figures (6.30) (6.31). The
drag coefficient values are compared with the other values from literature and shown
in the table (6.2) and the lift coefficient in the table (6.1) and previous results is in
good agreement with values available from the literature. The convergence history for
drag and lift coefficient is shown in the figure (6.32), (6.33). The u-velocity contours in
the x-y plane and x-z plane cut at the center of the sphere are provided in the figures
(6.34) (6.35).
As anticipated the recirculation length increases with the increase of Reynolds num-
ber while the drag coefficient value decreases. The variation of drag coefficient with
Reynolds number is summarised in the figure (6.36). Furthermore, in all cases the
streamlines in the x-y plane and the x-z plane cuts at the center of the sphere are
almost similar.
As the Reynolds number increases past 210, the flow becomes unsteady and it ex-
hibits periodic vortex shedding behind the sphere. The unsteady case considered here
for validation is Reynolds number 300. The total time of simulation for the unsteady
case is t = 500.
For Reynolds number 300 Roos and Willmarth [101] reported their interpolated
experimental drag coefficient value of 0.629. Tomboulides [142] reported the drag
coefficient of 0.671 with an oscillation amplitude of 2.8 X 10−3. Johnson et al.[50] doc-
umented the value of 0.656 for drag coefficient. From the present simulation the drag
coefficient obtained is 0.667 ± 5 x 10−3, well within the accepted range as documented
by other authors [50] [142] [101].
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The Strouhals number calculated from the present numerical simulation is 0.135.
This agrees well with the values of 0.137 and 0.136 from two separate numerical sim-
ulations reported by Johnson et al. [50] and Tomboulides [142] respectively. The
experimental values of Strouhals number from Sakamoto et al. [106] is in the range
of 0.15-0.165. The alternative experimental value from Johnson et al. [50] is in the
range of 0.148-0.165. The convergence graph of drag and lift coefficients are shown in
figures (6.37) (6.38). Figures (6.39) (6.40) shows the periodic vortex shedding in the
x-y plane.
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Figure 6.4: Flow past sphere at Reynolds number 10, streamlines at t = 125s in the
x-y plane at z = 0
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Figure 6.5: Flow past sphere at Reynolds number 10, streamlines at t = 125s in the
x-z plane at y = 0
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Figure 6.6: Flow past sphere at Reynolds number 10, pressure coefficient distribution
in the x-y plane at z = 0
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Figure 6.7: Flow past sphere at Reynolds number 10, pressure coefficient distribution
in the x-z plane at y = 0
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Figure 6.8: Flow past sphere, drag coefficient history at Reynolds number 10 for the
total time period of simulation
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Figure 6.9: Flow past sphere, lift coefficient history at Reynolds number 10 for the
total time period of simulation
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Figure 6.10: Instantaneous u velocity contours at t = 125s for the flow past sphere at
Reynolds number 10 in the x-y plane at z = 0
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Figure 6.11: Instantaneous u velocity contours at t = 125s for the flow past sphere at
Reynolds number 10 in the x-z plane at y = 0
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Figure 6.12: Flow past sphere at Reynolds number 50, Streamlines at t = 125s in the
x-y plane at z = 0
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Figure 6.13: Flow past sphere at Reynolds number 50, streamlines at t = 125s in the
x-z plane at y = 0
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Figure 6.14: Flow past sphere at Reynolds number 50, pressure coefficient
distribution in the x-y plane at z = 0
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Figure 6.15: Flow past sphere at Reynolds number 50, pressure coefficient
distribution in the x-z plane at y = 0
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Figure 6.16: Flow past sphere, drag coefficient history at Reynolds number 50 for the
total time period of simulation
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Figure 6.17: Flow past sphere, lift coefficient history at Reynolds number 50 for the
total time period of simulation
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Figure 6.18: Instantaneous u velocity contours at t = 125s for the flow past sphere at
Reynolds number 50 in the x-y plane at z = 0
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Figure 6.19: Instantaneous u velocity contours at t = 125s for the flow past sphere at
Reynolds number 10 in the x-z plane at y = 0
X
Y
Z
Figure 6.20: Flow past sphere at Reynolds number 100, Streamlines at t = 125s in
the x-y plane at z = 0
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Figure 6.21: Flow past sphere at Reynolds number 100, Streamlines at t = 125s in
the x-z plane at y = 0
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Figure 6.22: Flow past sphere at Reynolds number 100, pressure coefficient
distribution in the x-y plane at z = 0
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Figure 6.23: Flow past sphere at Reynolds number 100, pressure coefficient
distribution in the x-z plane at y = 0
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Figure 6.24: Flow past sphere, drag coefficient history at Reynolds number 100 for
the total time period of simulation
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Figure 6.25: Flow past sphere, lift coefficient history at Reynolds number 100 for the
total time period of simulation
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Figure 6.26: Instantaneous u velocity contours at t = 125s for the flow past sphere at
Reynolds number 100 in the x-y plane at z = 0
141
6.4. Results and discussions
x
z
-400 -200 0 200 400-400
-200
0
200
400
1.2
1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0
u m/s
Figure 6.27: Instantaneous u velocity contours at t = 125s for the flow past sphere at
Reynolds number 10 in the x-z plane at y = 0
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Figure 6.28: Flow past sphere at Reynolds number 200, streamlines at t = 125s in the
x-y plane at z = 0
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Figure 6.29: Flow past sphere at Reynolds number 200, streamlines at t = 125s in the
x-z plane at y = 0
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Figure 6.30: Flow past sphere at Reynolds number 200, pressure coefficient
distribution in the x-y plane at z = 0
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Figure 6.31: Flow past sphere at Reynolds number 200, pressure coefficient
distribution in the x-z plane at y = 0
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Figure 6.32: Flow past sphere, drag coefficient history at Reynolds number 200 for
the total time period of simulation
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Figure 6.33: Flow past sphere, lift coefficient history at Reynolds number 200 for the
total time period of simulation
x
y
-400 -200 0 200 400-400
-200
0
200
400
1.2
1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0
u m/s
Figure 6.34: Instantaneous u velocity contours at t = 125s for the flow past sphere at
Reynolds number 200 in the x-y plane at z = 0
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Figure 6.35: Instantaneous u velocity contours at t = 125s for the flow past sphere at
Reynolds number 200 in the x-z plane at y = 0
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Figure 6.36: Flow past sphere, variation of drag coefficient with Reynolds number
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Figure 6.37: Flow past sphere, drag coefficient history for Reynolds number 300 from
t = 0 to 500s
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Figure 6.38: Flow past sphere, lift coefficient history for Reynolds number 300 from t
= 0 to 500s
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Figure 6.39: Instantaneous u velocity contour at t = 500s for flow past sphere at
Reynolds number 300 in the x-y plane at z = 0
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Figure 6.40: Instantaneous u velocity contour at t = 500s for flow past sphere at
Reynolds number 300 in the x-z plane at y = 0
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Chapter 7
Conclusions and further work
A generalisation of the NFT MPDATA class of solvers to the incompressible viscous
flows has been attained. To facilitate modelling of engineering turbulent flows, the
Spalart-Allmaras turbulence model that has been implemented to work in conjunction
with the NFT MPDATA RANS solver. The discretisation of turbulence model and the
RANS solver are compatible and utilise the same finite volume spatial discretisation
with the edge based data structure.
A two-dimensional implementation has been thoroughly tested using two classical
benchmarks. Two computational meshes arrangements have been investigated, the
first have used a fully unstructured mesh build on the triangular primary mesh and the
second a hybrid mesh constructed from the primary mesh composed of mixed triangular
and quadrilateral elements.
A development of hybrid mesh generator for the flow over cylinder problem, where
the structured quadrilateral mesh has been employed near the cylinder and unstruc-
tured triangular meshes elsewhere have been completed. Furthermore, the effective
stretching function has been implemented for better point spacing distribution of the
quadrilateral mesh. The calculation of geometrical metrics for dual cells areas and
their faces projections and their connectivity in the edge based data structure have
been modified accordingly to suit all available mesh options i.e. structured, unstruc-
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tured and hybrid meshes.
Steady state and unsteady state laminar flows over a circular cylinder have been
tested for both unstructured and hybrid meshes. For the steady state cases, patterns
of symmetric recirculation have been achieved on both hybrid and unstructured mesh.
The results have been obtained for the full range of Reynolds numbers on both meshes.
The results from both types of meshes have been very close to the hybrid meshes
producing smoother pressure distributions. Remarkably, the symmetry of results has
been preserved even though non-symmetric meshes have been used. Qualitative and
quantitative comparisons with numerical and experimental results available from the
literature have confirmed the validity and accuracy of the new development. All quan-
titative results in both steady and unsteady regimes are in the expected range and the
flow physics in all cases follows correctly the behaviour documented in the literature.
The successful validation of lid driven cavity flows for a selection of Reynolds numbers
has further corroborated the soundness of the approach for laminar flows.
The implementation of turbulence model has been tested with the flow over circular
example. The comparison with available experimental and numerical data reported in
literature has shown that the NFT MPDATA numerical results are in good agreement
with other proven numerical methods.
The two dimensional NFT MPDATA code has been extended to three spatial di-
mensions. The three dimensional solver has been tested for laminar flows. The flow
past a sphere example has been used for validation. All results obtained from the new
model are in good agreement with the numerical and experimental results from the
literature.
Implementation of the Spalart-Allmaras turbulence model in three dimensions has
been conducted, however further work on mesh generation and especially mesh refine-
ment near the sphere is required for reliable validation. The three dimensional hybrid
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meshes available for this work proved to be too coarse to correctly resolve turbulence
in the vicinity of the solid wall, and consequently the preliminary results have shown
unacceptable level of oscillations in this region. Decreasing spatial resolution limits the
size of admissible time-step to a degree when the serial code runs become unacceptably
long. While the presented work provides a proof of concept, substantial development is
needed to carry out an effective parallelisation of the three dimensional code to speed
up the calculations.
In the three dimensional work, hybrid meshes have been used. They are constructed
from primary meshes composed of tetrahedral and prismatic elements. Further vali-
dation on hexahedral meshes can be conducted, for example three dimensional cavity
flows.
This work provides a base for further developments of modelling capabilities for
engineering viscous flows. When dealing with more complex problems, extension to
other RANS turbulence models might be required. Large eddy simulation and implicit
turbulence modelling capability of MPDATA can also be studied.
The studied approach, based on collocated arrangement has proven to be successful.
The proposed methodology allows achieving non-oscillatory solutions on non-staggered
meshes thanks to the inbuilt properties of MPDATA scheme. Finally, since the method-
ology and numerical analysis is now well established, the scope of broader application
areas could also be examined.
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Appendix A 
 
The step by step procedure for using the hybrid mesh generator code with the sample 
input and output file is shown here.  
 
• Step 1:  Generate the triangular mesh with the required outer circle diameter e.g. 
4D 
Where D is the diameter of the inner circle required. The output from the           
triangular mesh is used as the input for the hybrid mesh generator and the file 
format is shown below 
•  Step 2: Rename the mesh files of  triangular mesh to meshb.d and meshob.d 
 
• Step 3: In the hybrid mesh generator code, input the required inner circle 
diameter – zl 
 
•  Step 4: Mention the number of quadrilateral segments required – mx  
 
•  Step 5: Adjust the stretching function parameters ak and al according to the 
requirement. The stretching function parameter distribution is shown in Figure 
5.13 
 
•  Step 6: Compile and execute the code.  
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Input file format 
x-coordinates  y-coordinates 
-300.00              -150.00 
 300.00                -150.00 
-290.80               -150.00 
   --            --  
   --               -- 
   --                     -- 
   --                     -- 
Repeat the number of points 
 
Triangular  mesh Connectivity 
n1 n2           n3           n4          n5            n6       n7 
 
414    25640    25761    25580    25549          0        0 
415    27195    27468    26708    27467          0        0 
   --   --      --       --          --               --       --  
   --   --            --           --          --               --       -- 
   --   --      --       --          --               --       --  
   --   --            --           --          --               --       -- 
Repeat connectivity 
 
Output file format 
 
x-coordinates  y-coordinates 
-300.00              -150.00 
 300.00                  -150.00 
-290.80                      -150.00 
   --            -- 
   --            -- 
   --            -- 
   --            -- 
Repeat the number of points 
Triangular  mesh Connectivity 
n1 n2           n3           n4          n5            n6       n7 
 
414    25640    25761    25580    25549        0        0 
415    27195    27468    26708    27467        0        0 
   --   --     --            --          --            --       --  
   --   --           --            --          --            --        -- 
 
Repeat connectivity 
 
Hybrid  mesh Connectivity 
n1           n2             n3              n4            n5            n6             n7 
 
84660       29335       29336       29097       29098       29573        29574 
84661       29336       29337       29098       29099       29574       29575 
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84662       29337       29338       29099       29100       29575       29576 
   --        --                --          --                --                --            --  
   --        --                 --                --                --                --            -- 
 
Repeat connectivity 
The hybrid mesh coordinates and hybrid mesh connectivity are added next to the 
triangular mesh coordinates and triangular mesh connectivity respectively.  
 
program mesh 
  
 parameter (nedgex=106000,npoinx=360000,nfacesx=3000)
 common/xyz/coordb(npoinx,2),coordc(npoinx,2),ibpoin(npoinx,2)
 common/xyz/coord(npoinx,2),sstore(npoinx),istore(npoinx)
 common/xyz/i3(npoinx),mmstore(npoinx),nnstore(npoinx)
 common/xyz/alp1(npoinx,2)
 common/edg/iedgeb(nedgex,6),iedgec(nedgex,6),mstore(npoinx)
 common/edg/iedge(nedgex,6),nstore(npoinx),xll(npoinx),rjj(npoinx)
 common/bound/kbbface(npoinx,0:4),kbcface(nfacesx,0:4)
 common/bound/alpa(npoinx),alp(npoinx,2),astore(npoinx)   
 open(5,file='meshb.d',access='sequential',status='old')
 open(55,file='test.d',access='sequential',status='unknown')
 open(60,file='mesh.d',access='sequential',status='unknown')
 open(10,file='mesho.d',access='sequential',status='unknown')
 open(15,file='meshob.d',access='sequential',status='old')  
 zr=20.  ! outer dia        
 zl=5  ! inner dia        
 mx=46  ! number of segments 
 c read the unstructured mesh file  
 read(5,*)npoinb,nedgeb,nbfaceb,nbpoinb     
 c read coordinates       
 do ip=1,npoinb      -
 read(5,*)(coord(ip,i),i=1,2)     
 coord(ip,1)=coord(ip,1)     
 coord(ip,2)=coord(ip,2)       
 enddo          
 c read edges 
 do ie=1,nedgeb  
 read(5,*)iie,(iedge(ie,i),i=1,6) 
 enddo  
 c read boundary faces  
 do ib=1,nbfaceb  
 read(5,*)(kbbface(ib,in),in=0,4)  
 if(kbbface(ib,0).eq.21) then  
 ic=ic+1  
 i1=kbbface(ib,1)  
 xa=coord(ib,1) 
 ya=coord(ib,2) 
 mstore(i1)=ic  
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 if(ya.gt.0)then  
 xll(ic)=sqrt((xa*xa)+(ya*ya))  
 alp(ic,1)=360-acosd(xa/xll(ic))  
 else  
 xll(ic)=sqrt((xa*xa)+(ya*ya))  
  alp(ic,1)=acosd(xa/xll(ic))   
 endif  
 ass=alp(ic,1)  
 nstore(ass)=ib 
 abb=xll(ic)  
 sstore(ib)=abb 
 c*********rearranging for the ib,3 
 id=id+1  
 i2=kbbface(ib,3)  
 xaa=coord(i2,1)  
 yaa=coord(i2,2)  
 mmstore(i2)=id  
 if(yaa.gt.0)then  
 xll(id)=sqrt((xaa*xaa)+(yaa*yaa))  
 alp1(id,1)=360-acosd(xaa/xll(id))  
 else  
 xll(id)=sqrt((xaa*xaa)+(yaa*yaa))  
  alp1(id,1)=acosd(xaa/xll(id))   
 endif  
 aass=alp1(id,1)  
 nnstore(aass)=i2  
 aabb=xll(id)  
 endif  
 enddo  
 c****** rearranging soring algorithm for ib,3********  
 do idd=1,id-1  
 do iddd=idd+1,id  
 if(alp1(idd,1).gt.alp1(iddd,1))then 
 amm=alp1(idd,1)  
 alp1(idd,1)=alp1(iddd,1)  
 alp1(iddd,1)=amm  
 mmstore(idd)=i2  
 endif  
 enddo  
 enddo 
 c****** rearranging soring algorithm********  
 do icc=1,ic-1  
 do iccc=icc+1,ic  
 if(alp(icc,1).gt.alp(iccc,1))then  
 am=alp(icc,1)  
 alp(icc,1)=alp(iccc,1)  
 alp(iccc,1)=am  
 mstore(icc)=i1  
 endif  
 enddo  
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 enddo  
 do icc=1,ic  
 rjj(icc)=sstore(nstore(alp(icc,1)))  
 za=cosd(alp(icc,1))*rjj(icc)  
 zb=cosd(90+alp(icc,1))*rjj(icc)  
 enddo  
 mz=ic       
 nx=mx+1  
 nz=mz 
 
 xll=1. 
 zll=1. 
c************************************ 
c define stretching functions ak and al K and L in equation (5.5) 
c************************************ 
 ak=1.8  
 al=2.0 
npoin=npoinb     
 do ix=1,nx  
 do iz=1,nz  
 rjj(iz)=sstore(nstore(alp(iz,1)))  
c**************************************** 
c Calculation of etastar in equation (5.1) here rj1 
c************************************** 
 rj1=zl+(ix-1)*((rjj(iz)-zl)/mx) 
 npoin=npoin+1   
 coord(npoin,1)=cosd(alp(iz,1))*rj1   
 coord(npoin,2)=cosd(90+alp(iz,1))*rj1   
 if(abs(coord(npoin,1)).le.1.e-01)coord(npoin,1)=0.  
 if(abs(coord(npoin,2)).le.1.e-01)coord(npoin,2)=0.  
 c  
 ix=coord(npoin,1)  
 iy=coord(npoin,2)  
c************************************ 
c calculating etax and etay in equations (5.3 ) and (5.4) 
c************************************ 
 
 etax = (ix-zr)/(zl-zr)  
 etay = (iy-zr)/(zl-zr)  
c************************************ 
c Calculation of corresponding sx and sy from equation (5.5) 
c************************************ 
 sx=(ak*etax)+(1-ak)*(1-(tanh(al*(1-etax)))/tanh(al))  
 sy=(ak*etay)+(1-ak)*(1-(tanh(al*(1-etay)))/tanh(al))  
 coord(npoin,1)=((1-sx)*zr)+(sx*zl)  
 coord(npoin,2)=((1-sy)*zr)+(sy*zl)  
 enddo  
 enddo  
 c create internal edges for concentric circle  
 c     create edges in x direction  
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 nedge=nedgeb 
do ix=2,nx-1  
 do iz=1,nz 
 nedge=nedge+1  
 if(iz.eq.nz)then  
iedge(nedge,1)=iz+(ix-1)*nz 
 iedge(nedge,2)=(iz+1)+(ix-2)*nz   
 iedge(nedge,3)=iz+(ix-2)*nz 
 iedge(nedge,4)=iz+1+(ix-2)*nz-nz 
 if(ix.eq.nx-1)then 
 iedge(nedge,5)=nstore(alp(iz,1))-npoinb 
 iedge(nedge,6)=nstore(alp(iz+1-iz,1))-npoinb 
 else 
 iedge(nedge,6)=iz+1+(ix)*nz-nz 
 iedge(nedge,5)=iz+(ix)*nz 
 endif 
 else  
 iedge(nedge,2)=(iz+1)+(ix-1)*nz 
 iedge(nedge,1)=iz+(ix-1)*nz 
 if(ix.eq.nx-1)then 
 iedge(nedge,5)=nstore(alp(iz,1))-npoinb 
 iedge(nedge,6)=nstore(alp(iz+1,1))-npoinb 
 else 
 iedge(nedge,6)=iz+1+(ix)*nz 
 iedge(nedge,5)=iz+(ix)*nz 
 endif 
 iedge(nedge,4)=iz+1+(ix-2)*nz 
 iedge(nedge,3)=iz+(ix-2)*nz 
 endif 
enddo 
 enddo 
 c     create edges in z direction  
do ix=1,nx-1       
 do iz=1,nz  
if(iz.eq.1)then 
 ix1=ix 
ix11=ix1+1 
nedge=nedge+1 
iedge(nedge,1)= iz+(ix-1)*nz 
 iedge(nedge,3)=iz+1+(ix-1)*nz 
 iedge(nedge,5)=ix*nz  
 if(ix.eq.nx-1)then 
 iedge(nedge,2)=nstore(alp(iz,1))-npoinb  
 iedge(nedge,4)=nstore(alp(iz+1,1))-npoinb!iz+1+(ix1)*nz 
 iedge(nedge,6)=nstore(alp(nz,1))-npoinb  
 else 
 iedge(nedge,2)=iz+(ix1)*nz 
 iedge(nedge,4)=iz+1+(ix1)*nz 
 iedge(nedge,6)=ix*nz+nz  
 endif 
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 else if(iz.eq.nz)then 
 ix1=ix 
ix11=ix1+1 
nedge=nedge+1 
 iedge(nedge,1)=iz+(ix-1)*nz 
 iedge(nedge,3)=(ix-1)*nz+1  
 iedge(nedge,5)=iz-1+(ix-1)*nz 
 if(ix.eq.nx-1)then 
 iedge(nedge,2)=nstore(alp(iz,1))-npoinb  
 iedge(nedge,4)=nstore(alp(iz+1,1))-npoinb  
 iedge(nedge,6)=nstore(alp(iz-1,1))-npoinb  
 else 
 iedge(nedge,2)=iz+(ix1)*nz 
 iedge(nedge,4)=iz+1+(ix-1)*nz 
 iedge(nedge,6)=iz-1+(ix1)*nz 
 endif 
else 
 ix1=ix 
ix11=ix1+1 
nedge=nedge+1 
iedge(nedge,1)=iz+(ix-1)*nz 
iedge(nedge,3)=iz+1+(ix-1)*nz 
iedge(nedge,5)=iz-1+(ix-1)*nz 
 if(ix.eq.nx-1)then 
 iedge(nedge,2)=nstore(alp(iz,1))-npoinb  
 iedge(nedge,4)=nstore(alp(iz+1,1))-npoinb  
 iedge(nedge,6)=nstore(alp(iz-1,1))-npoinb  
 else 
 iedge(nedge,2)=iz+(ix1)*nz 
 iedge(nedge,4)=iz+1+(ix1)*nz 
 iedge(nedge,6)=iz-1+(ix1)*nz 
 endif 
 endif 
 c     calculate projections for this edge 
 enddo 
 enddo 
 c 
nbpoin=0 
c      boundary faces in x direction (right) (outer) 
ix=nx 
iz2=iz-1 
do iz=1,nz 
 nedge=nedge+1 
 if(iz.eq.nz)then 
 iedge(nedge,1)=nstore(alp(iz,1))-npoinb  
iedge(nedge,2)=nstore(alp(iz-iz1+1,1))-npoinb 
 iedge(nedge,3)=iz+(ix-1)*nz-nz 
 iedge(nedge,4)=iz+1+(ix-1)*nz-(2*nz) 
 iedge(nedge,6)=nnstore(alp1(iz,1)) 
 else 
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 iedge(nedge,3)=iz+(ix-1)*nz-nz  
 iedge(nedge,4)=iz+1+(ix-1)*nz-nz 
 iedge(nedge,1)=nstore(alp(iz,1))-npoinb  
 iedge(nedge,2)=nstore(alp(iz+1,1))-npoinb 
 iedge(nedge,6)=nnstore(alp1(iz,1)) 
 endif 
 enddo  
 c     create edges in x direction (left) (innner) 
ix=1 
iz3=iz+1 
do iz=1,nz 
 nedge=nedge+1 
 if(iz.eq.nz)then 
 iedge(nedge,1)=iz+(ix-1)*nz 
 iedge(nedge,2)=(iz+1)+(ix-1)*nz-nz   
 iedge(nedge,3)=iz-1+(ix)*nz+1 
 iedge(nedge,4)=iz+1-1+(ix)*nz-nz+1 
 else 
 iedge(nedge,1)=iz+(ix-1)*nz 
 iedge(nedge,2)=(iz+1)+(ix-1)*nz 
 iedge(nedge,4)=iz+(ix)*nz+1 
 iedge(nedge,3)=(iz-1)+1+(ix)*nz 
 endif 
nbpoin=nbpoin+1 
c      set a boundary flag  
ibpoin(nbpoin,2)=21 
enddo 
c 
write(60,*)npoin-nbpoin,nedge-nbpoin,nbpoinb,nbpoinb   
 do ip=1,npoin-nbpoin 
 write(60,*)coord(ip,1),coord(ip,2) 
 enddo 
 do ie=1,nedgeb 
 iee=nbpoinb+ie 
 write(60,*)iee,(iedge(ie,i),i=1,6) 
 enddo 
 do ie=nedgeb+1,nedge-nbpoin 
 if(iedge(ie,5).eq.0.and.iedge(ie,6).eq.0)then 
 iedge(ie,1)=iedge(ie,1)+npoinb 
 iedge(ie,2)=iedge(ie,2)+npoinb 
 iedge(ie,3)=iedge(ie,3)+npoinb 
 iedge(ie,4)=iedge(ie,4)+npoinb 
 iedge(ie,5)=iedge(ie,5) 
 iedge(ie,6)=iedge(ie,6) 
 elseif(iedge(ie,5).eq.0)then 
 iedge(ie,1)=iedge(ie,1)+npoinb 
 iedge(ie,2)=iedge(ie,2)+npoinb 
 iedge(ie,3)=iedge(ie,3)+npoinb 
 iedge(ie,4)=iedge(ie,4)+npoinb 
 iedge(ie,5)=iedge(ie,5) 
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 iedge(ie,6)=iedge(ie,6) 
 else 
 iedge(ie,1)=iedge(ie,1)+npoinb 
 iedge(ie,2)=iedge(ie,2)+npoinb 
 iedge(ie,3)=iedge(ie,3)+npoinb 
 iedge(ie,4)=iedge(ie,4)+npoinb 
 iedge(ie,5)=iedge(ie,5)+npoinb 
 iedge(ie,6)=iedge(ie,6)+npoinb 
 endif 
 iee=nbpoinb+ie 
 write(60,*)iee,(iedge(ie,i),i=1,6) 
 enddo 
 do ib=1,nbfaceb-nbpoin  
 write(60,*)(kbbface(ib,in),in=0,4) 
 enddo 
 do ibb=1,nbpoin 
 ie=nedge-nbpoin+ibb 
 iedge(ie,1)=iedge(ie,1)+npoinb 
 iedge(ie,2)=iedge(ie,2)+npoinb 
 iedge(ie,3)=iedge(ie,3)+npoinb 
iedge(ie,4)=iedge(ie,4)+npoinb 
write(60,*)ibpoin(ibb,2),(iedge(ie,in),in=1,4) 
 enddo 
 c ouput finite element connectivities for tiangles for contour plotting  
 c purposes and store in mesho.d file 
read(15,*)nele 
write(10,*)(nx-1)*(nz)*2+nele 
do i=1,nele 
read(15,*)nele1,nele2,nele3 
write(10,*)nele1,nele2,nele3 
enddo 
do ix=1,nx-1 
 if(ix.eq.nx-1)then 
do iz=1,nz 
if(iz.eq.nz)then 
write(10,*)iz+(ix-1)*nz+npoinb 
   \&,iz+1+(ix-1)*nz-nz+npoinb,nstore(alp(iz+1,1)) 
 else   
 write(10,*)iz+(ix-1)*nz+npoinb 
 \&,iz+1+(ix-1)*nz+npoinb,nstore(alp(iz+1,1)) 
 endif 
 enddo 
 do iz=1,nz 
 write(10,*)iz+(ix-1)*nz+npoinb,nstore(alp(iz+1,1)), 
   \&nstore(alp(iz,1)) 
 enddo 
 endif 
 do iz=1,nz 
 if(iz.eq.nz)then 
write(10,*)iz+(ix-1)*nz+npoinb, 
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\&(ix*nz)-nz+1+npoinb,(ix-1)*nz+nz+1+npoinb 
 else 
write(10,*)iz+(ix-1)*nz+npoinb, 
     \&iz+(ix-1)*nz+1+npoinb,       
     \&iz+1+ix*nz+npoinb 
 endif 
 enddo 
do iz=1,nz 
if(iz.eq.nz)then 
write(10,*)iz+(ix-1)*nz+npoinb,iz+ix*nz-nz+1+npoinb, 
 \&(ix-1)*nz+nz+iz+npoinb 
else 
write(10,*)iz+(ix-1)*nz+npoinb, 
  \&iz+1+ix*nz+npoinb, 
      \&ix*nz+iz+npoinb 
 endif 
 enddo 
 enddo  
 c mesh plot 
 do i=1,nedge 
 i1=iedge(i,1) 
 i2=iedge(i,2) 
 xa1=coord(i1,1) 
 za1=coord(i1,2) 
 xa2=coord(i2,1) 
 za2=coord(i2,2) 
 write(55,1000)xa1,za1 
 write(55,2000)xa2,za2 
 enddo 
 1000 format('m',2e18.4) 
 2000 format('d',2e18.4) 
 end program 
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